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Abstract
This paper is concerned with the large-time behavior of solutions to the Cauchy problem of
the one-dimensional compressible fluid models of Korteweg type with density- and temperature-
dependent viscosity, capillarity, and heat conductivity coefficients, which models the motions of
compressible viscous fluids with internal capillarity. We show that the combination of the viscous
contact wave with two rarefaction waves is asymptotically stable with a large initial perturbation
if the strength of the composite wave and the heat conductivity coefficient satisfy some smallness
conditions. The proof is based on some refined L2-energy estimates to control the possible growth
of the solutions caused by the highly nonlinearity of the system, the interactions of waves from
different families and large data, and the key ingredient is to derive the uniform positive lower
and upper bounds on the specific volume and the temperature.
Keywords Compressible Korteweg model; Viscous contact wave; Rarefaction waves; Global
stability; Large initial perturbation
AMS Subject Classifications: 35Q35, 35L65, 35B40
1 Introduction
This paper is concerned with the Cauchy problem of the nonisothermal compressible fluid models of
Korteweg type in Lagrangian coordinates:
vt − ux = 0,
ut + p(v, θ)x =
(
µ(v, θ)ux
v
)
x
+Kx,(
Cv − θ
2
κθθ
v2x
v5
)
θt + p(v, θ)ux =
(
α˜(v, θ)θx
v
)
x
+
µ(v, θ)u2x
v
+ F
(1.1)
with the initial and far field conditions:{
(v, u, θ)(0, x) = (v0, u0, θ0)(x),
(v, u, θ)(t,±∞) = (v±, u±, θ±).
(1.2)
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Here the unknown functions are the specific volume v(x, t) > 0, the velocity u(x, t), the temperature
θ(x, t) > 0, and the pressure p(v, θ) of the fluid, respectively, while µ(v, θ), κ(v, θ), α˜(v, θ) denote the
viscosity coefficient, the capillary coefficient and the heat conductive coefficient respectively. Cv > 0,
v± > 0, u± and θ± > 0 are given constants, and we assume (v0, u0, θ0)(±∞) = (v±, u±, θ±) as
compatibility conditions. The Korteweg stress tensor K and the nonlinear terms F are given by
K =
−κ(v, θ)vxx
v5
+
5κ(v, θ)− vκv(v, θ)
2v6
v2x −
κθ(v, θ)vxθx
v5
,
F =
θκθvxuxx
v5
+
vκvθ(v, θ)− κθ(v, θ)
2v6
θuxv
2
x.
(1.3)
Throughout this paper, we suppose that the pressure p(v, θ) and the constant Cv are given by
p(v, θ) =
Rθ
v
= Av−γ exp
(
γ − 1
R
s
)
, Cv =
R
γ − 1 , (1.4)
where s is the entropy of the fluid and γ > 1, A and R are positive constants.
System (1.1) can be used to model the motions of compressible viscous fluids with internal
capillarity. The formulation of the theory of capillarity with diffuse interface was first studied by Van
der Waals [1] and Korteweg [2], and then derived rigorously by Dunn and Serrin [3]. Note that if the
capillary coefficient κ = 0, the system (1.1) is reduced to the compressible Navier-Stokes system.
There have been extensive studies on the mathematical theory of the compressible fluid models
of Korteweg type. For the case with small initial data, the results available now are almost complete.
We briefly review some of them here. Hattori and Li [19, 20] proved the global existence of smooth
solutions around constant states in Sobolev space. Wang and Tan [27] established the optimal time
decay rate of smooth solution obtained in [19]. Danchin and Desjardins [13] and Haspot [16, 17]
discussed the global existence and uniqueness of strong solutions in Besov space. Kotschote [22]
proved the exponential stability of a non-constant stationary solution in the phase space. The authors
in [24, 7, 28] obtained the existence and nonlinear stability of non-constant stationary solutions in
Sobolev space. Chen et al. [10, 11, 12] studied the nonlinear stability of some single basic waves
(such as rarefaction wave, viscous shock wave and viscous contact wave) in Sobolev space. And the
global existence of weak solutions in the whole space R2 was obtained by Danchin and Desjardins
[13] and Haspot[15].
For the case with large initial data, Haspot [18] proved the global existence of strong solution for
an isothermal fluid with density-dependent viscosity and capillary coefficients in the whole space RN
with N ≥ 2. Bresch, Desjardins, and Lin [4] studied the global existence of weak solutions for an
isothermal Korteweg system with a linearly density-dependent viscosity and a constant capillarity
coefficient in a periodic domain Td with d = 2 or 3. Then Haspot [15] and Ju¨ngel [25] improved the
results of [4] to some other types of density-dependent viscosity and capillarity coefficients. Tsyganov
[26] discussed the global existence of weak solutions for an isothermal system with the viscosity
coefficient µ(ρ) ≡ 1 and the capillarity coefficient κ(ρ) = ρ−5 on the interval [0, 1]. Germain and
LeFloch [14] investigated the global existence of weak solutions for the isothermal Korteweg system
with general density-dependent viscosity and capillarity coefficients in R. The global existence of large
strong solution to an isothermal Korteweg system with the viscosity coefficient µ(ρ) = ερ and the
capillarity coefficient κ(ρ) = ε2ρ−1 in R (ε is positive constant) was obtained by Charve and Haspot
[5]. For the global existence of smooth large-amplitude solutions to the compressible Korteweg system
in the whole space R, we refer to [7, 9] for isothermal system with general density-dependent viscosity
and capillarity coefficients, [8] for nonisothermal system with general density-dependent viscosity and
capillarity coefficients, and density- and temperature-dependent heat conductivity coefficient. The
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time-asymptotic nonlinear stability of strong rarefaction waves for the isothermal Korteweg system
with large initial data was also obtained in [7].
From the above result, it is seen that few results have been obtained on the global stability of basic
waves for the compressible fluid models of Korteweg system so far. Here and hereafter, global stability
means the nonlinear stability result with large initial perturbation. And if the initial perturbation is
small, the nonlinear stability result is usually called local stability. A natural question is whether some
global stability results of the composite waves for the one-dimensional compressible Korteweg system
hold or not? This paper is devoted to this problem and we are concerned with the global stability
of the combination of viscous contact waves with two rarefaction waves for the Cauchy problem of
the nonisothermal Korteweg system (1.1) with general density- and temperature-dependent viscosity,
capillarity, and heat conductivity coefficients.
It is known [10, 11, 12] that the large-time behavior of solutions of the Cauchy problem (1.1)-(1.2)
is closely related to the Riemann problem of the compressible Euler system
vt − ux = 0,
ut + p(v, θ)x = 0,
Cvθt + p(v, θ)ux = 0
(1.5)
with the Riemann initial data
(v, u, θ)(0, x) =
{
(v−, u−, θ−), x < 0,
(v+, u+, θ+), x > 0.
(1.6)
The Euler system (1.5) is a strict hyperbolic system of conservation laws with three distinct eigen-
values:
λ1(v, θ) = −
√
γp
v
, λ2 = 0, λ3(v, θ) =
√
γp
v
,
which implies that the second characteristic field is linearly degenerate and the others are genuinely
nonlinear. Then it is well-known [30] that the Riemann problem (1.5)-(1.6) admits three basic wave
patterns: the shock wave, rarefaction wave and contact discontinuity, and the Riemann solution to
(1.5) has a wave pattern consisting of a linear combination of these three basic waves. In particular,
the contact discontinuity solution of the Riemann problem (1.5)-(1.6) takes the form [30]
(vcd, ucd, θcd)(t, x) =
{
(v−, u−, θ−), x < 0, t > 0,
(v+, u+, θ+), x > 0, t < 0,
(1.7)
provided that
u− = u+, p− ,
Rθ−
v−
=
Rθ+
v+
, p+. (1.8)
The viscous contact wave (V,U,Θ)(t, x) corresponding to the contact discontinuity (vcd, ucd, θcd)(t, x)
for the compressible Navier-Stokes-Korteweg system (1.1) becomes smooth and behaviors as a dif-
fusion waves due to the effect of heat conductivity. As [11], we can define the viscous contact wave
(V,U,Θ)(t, x) as follows.
Since the properties of the contact discontinuity wave motivate us to expect that
P =
RΘ
V
≈ p+ = p−, |U |  1, (1.9)
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the leading part of the energy equation (1.1)3 is
CvΘt + p+Ux =
(
α˜(V,Θ)Θx
V
)
x
. (1.10)
Using the equations (1.9), Vt = Ux and (1.10), we get a nonlinear diffusion equationΘt = a
(
αˆ(Θ)Θx
Θ
)
x
, a =
p+(γ − 1)
γR2
,
Θ(±∞, t) = θ±,
(1.11)
where αˆ(Θ) , α˜(RΘp+ ,Θ). Due to [29], (1.11) has a unique self-similar solution Θ(t, x) = Θ(ξ), ξ =
x√
1+t
, which is a monotone function, increasing if θ+ > θ− and decreasing if θ+ < θ−.
Once Θ(t, x) is determined, the viscous contact wave (V,U,Θ)(t, x) is defined by
V =
RΘ
p+
, U = u− +
γ − 1
γR
αˆ(Θ)Θx
Θ
, Θ = Θ(t, x), (1.12)
then it is easy to check that the viscous contact wave (V,U,Θ)(t, x) satisfies
Vt − Ux = 0,
Ut +
(
RΘ
V
)
x
=
(
µ(V,Θ)Ux
V
)
x
+R1,
R
γ − 1Θt + p(V,Θ)Ux =
(
α˜(V,Θ)
V
Θx
)
x
+
µ(V,Θ)U2x
V
+R2
(1.13)
with
R1 = Ut −
(
µ(V,Θ)Ux
V
)
x
= O(1)(γ − 1) 12 (1 + t)− 32 e−
c0x
2
(γ−1)(1+t) ,
R2 = −µ(V,Θ)U
2
x
V
= O(1)(γ − 1)2(1 + t)−2e−
c0x
2
(γ−1)(1+t) .
(1.14)
Our first theorem is concerned with the global stability of the single viscous contact wave
(V,U,Θ)(t, x), which is stated as follows.
Theorem 1.1 (Global stability of viscous contact wave). Let (V,U,Θ)(t, x) be the viscous contact
wave defined in (1.12). Suppose that
(i) The given constants v±, u±, θ± do not depend on γ−1, and satisfy (1.8). Moreover, |θ+−θ−| ≤
m0(γ − 1) for some positive constant m0 independent of γ − 1;
(ii) The initial data (v0(x)− V (0, x), u0(x)− U(0, x), θ0(x)−Θ(0, x)) ∈ H2(R) ×H1(R) ×H1(R)
and N0 := ‖v0(x)− V (0, x)‖H2(R) + ‖u0(x)−U(0, x)‖H1(R) +
∥∥(θ0(x)−Θ(0, x))/√γ − 1∥∥H1(R)
is bounded by some constant independent of γ − 1;
(iii) There exist positive constants V , V , Θ and Θ independent of γ − 1 such that
V ≤ v0(x), V (t, x) ≤ V , Θ ≤ θ0(x),Θ(t, x) ≤ Θ, ∀ (t, x) ∈ R+ × R; (1.15)
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(iv) The viscosity coefficient µ(v, θ), the capillarity coefficient κ(v, θ) and the heat-conductivity coef-
ficient α˜(v, θ) are smooth positive functions of v > 0 and θ > 0, and the following assumptions
hold:
(a) ∥∥∥∥µ(v, θ)α˜(v, θ)
∥∥∥∥
L∞([0,∞)×R)
≤M0, |κθ(v, θ)| < ε, κθθ(v, θ) < 0, (1.16)
where M0 > 0 is a uniform constant independent of γ − 1 and ε > 0 is small positive constant
whose precise range can be specified in the proof of Theorem 1.1.
(b) One of the following two conditions holds.
(b)1 There exist constants a ≥ 0 and b ≤ 12 such that
µ1(v) = min
θ∈[ Θ
2
,2Θ]
{µ(v, θ)} ∼
{
v−a, v −→ 0+,
v−b, v −→ +∞.
(1.17)
(b)2 There exist constants c ≤ 3 and d ≥ 2 such that
κ1(v) = min
θ∈[ Θ
2
,2Θ]
{κ(v, θ)} ∼
{
v−c, v −→ 0+,
v−d, v −→ +∞.
(1.18)
(c) The viscosity and capillarity coefficients are coupled by
f(v, θ) : = −2
3
(√
µκ
v3
(√
µκ
v3
)
v
)
v
+
[(√
µκ
v3
)
v
]2
+
1
3
( κ
v5
(µ
v
)
v
)
v
+
(µ
v
)
v
5κ− vκv
2v6
− 1
3
( µ
2v7
(5κ− vκv)
)
v
≤ 0,
(1.19)
or
g(v, θ) := 3κµ+ 2vκµv − vµκv = 0. (1.20)
Then there exist positive constants ε0  1, δ0  1 and C0 which depend only on V , V , Θ, Θ and
the initial data N0 such that if 0 < ε < ε0 and 0 < δ := γ − 1 ≤ δ0, the Cauchy problem (1.1)-(1.2)
admits a unique global-in-time solution (v, u, θ)(t, x) satisfying{
(v − V, u− U, θ −Θ)(t, x) ∈ C(0, T ;H2(R)×H1(R)×H1(R)),
(v − V, u− U, θ −Θ)x(t, x) ∈ L2(0, T ;H2(R)×H1(R)×H1(R)),
(1.21)
C−10 ≤ v(t, x) ≤ C0,
Θ
2
≤ θ(t, x) ≤ 2Θ, ∀ (t, x) ∈ [0,∞)× R, (1.22)
and
lim
t→+∞ supx∈R
{|(v − V, u− U, θ −Θ) (t, x)|} = 0. (1.23)
Remark 1.1. Several remarks on Theorem 1.1 are given as follows.
(1) Since θ± = ARv
1−γ
± exp
(
γ−1
R s±
)
and the constants θ±, v±, s± are assumed independent of γ−1,
it is easy to check that |θ+ − θ−| ≤ m0(γ − 1) for some constant m0 independent of γ − 1.
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(2) The assumption (iv)(a) is used to control the possible growth of solutions to the Cauchy problem
(1.1)- (1.2) induced by the nonlinearity of the system, (iv)(b) is used to derive the uniform-in-
time lower and upper bounds for the specific volume v(t, x), and (iv)(c) is a technical condition
in estimating ‖µ(v,θ)φxv (τ)‖ (see the proof of Lemmas 3.3-3.5 for details).
(3) In Theorem 1.1, although the initial perturbation ‖θ0(x) − Θ(0, x)‖H1(R) is small when γ > 1
is close to 1, the initial perturbations ‖v0(x)−V (0, x)‖H2(R) and ‖u0(x)−U(0, x)‖H1(R) can be
arbitrarily large. This improves the main result of [11], where the nonlinear stability of viscous
contact wave for the one-dimensional compressible fluid models of Korteweg type was obtained
with all the initial perturbations are sufficiently small.
(4) From the proof of Theorem 1.1, wee see that γ − 1 needs to be sufficiently small such that
(γ − 1)F (N0) < 1 with F (N0) being a smooth increasing function on the initial data N0 (see
(3.10)-(3.11)). Thus in this sense, Theorem 1.1 is a Nishida-Smoller type result [46] with large
initial data.
When the relation (1.8) fails, the basic theory of hyperbolic systems of conservation laws [30]
tells us that for any given constant state (v−, u−, θ−) with v− > 0, u− ∈ R and θ− > 0, there exists
a neighborhood Ω(v−, u−, θ−) of (v−, u−, θ−) such that for any (v+, u+, θ+) ∈ Ω(v−, u−, θ−), the
Riemannn problem (1.5)-(1.6) has a unique solution. In this paper, we only consider the stability of
the combination of the viscous contact wave and rarefaction waves. Consequently, we assume that
(v+, u+, θ+) ∈ R−CcR+(v−, u−, θ−) ⊂ Ω(v−, u−, θ−), |θ+ − θ−| ≤ δ1, (1.24)
where δ1 is a positive constant, R−, R+, Cc denote the 1-rarefaction wave curve, 3-rarefaction wave
curve, and the contact wave curve respectively, and
R−CcR+(v−, u−, θ−) ,
{
(v, u, θ) ∈ Ω(v−, u−, θ−)
∣∣∣∣∣s 6= s−,
u ≥ u− −
∫ e γ−1Rγ (s−−s)v
v−
λ−(η, s−) dη, u ≥ u− −
∫ v
e
γ−1
Rγ
(s−s−)v−
λ+(η, s) dη
}
Due to [30], if δ1 in (1.24) is suitably small, then there exist a positive constant C = C(θ−, δ1)
and a pair of points (vm− , um, θm− ) and (vm+ , um, θm+ ) in Ω(v−, u−, θ−) such that
Rθm−
vm−
=
Rθm+
vm+
, pm, |vm± − v±|+ |um − u±|+ |θm± − θ±| ≤ C|θ− − θ+|. (1.25)
Moreover, the states (vm− , um, θm− ) and (vm+ , um, θm+ ) belong to the 1-rarefaction wave curveR−(v−, u−, θ−)
and 3-rarefaction wave curve R+(v+, u+, θ+) respectively, where
R±(v±, u±, θ±) =
{
s = s±, u = u± −
∫ v
v±
λ±(η, s±) dη, v > v±
}
(1.26)
with
s =
R
γ − 1 ln
Rθ
A
+R ln v, s± =
R
γ − 1 ln
Rθ±
A
+R ln v±,
λ±(v, s) = ±
√
Aγv−γ−1e(γ−1)s/R.
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The contact discontinuity wave curve Cc is defined by
Cc(v
m
− , u
m, θm− ) =
{
(v, u, θ)(t, x)|u = um, p = pm, v 6≡ vm−
}
. (1.27)
The 1-rarefaction wave (vr−, ur−, θr−)(
x
t ) (respectively the 3-rarefaction wave (v
r
+, u
r
+, θ
r
+)(
x
t )) con-
necting (v−, u−, θ−) and (vm− , um, θm− ) (respectively (vm+ , um, θm+ ) and (v+, u+, θ+)) is the weak solution
of the Riemann problem of the Euler system (1.5) with the Riemann initial data:
(vr±, u
r
±, θ
r
±)(0, x) =
{
(vm± , um, θm± ), ±x < 0,
(v±, u±, θ±), ±x > 0.
(1.28)
The contact discontinuity wave (vcd, ucd, θcd)(t, x) connecting (vm− , um, θm− ) and (vm+ , um, θm+ ) takes
the form
(vcd, ucd, θcd)(t, x) =
{
(vm− , um, θm− ), x < 0, t > 0,
(vm+ , u
m, θm+ ), x > 0, t < 0.
(1.29)
Since the rarefaction waves (vr±, ur±, θr±)(t, x) are not smooth enough, to study the stability prob-
lem, we need to construct their smooth approximations. As [34], the smooth approximate rarefaction
waves (V r±, U r±,Θr±)(t, x) of (vr±, ur±, θr±)(t, x) can be defined by
λ±(V r±, s±) = w±(x, t),
U r±(t, x) = u± −
∫ V r(t,x)
v±
λ±(η, s±) dη,
Θr± = θ±(v±)γ−1(V r±)1−γ ,
(1.30)
where w− (respectively w+) is the solution of the Cauchy problem of the Burger equation:
wt + wwx = 0, x ∈ R, t > 0,
w(0, x) =
w+ + w−
2
+
w+ − w−
2
tanhx
(1.31)
with w− = λ−(v−, s−) and w+ = λ−(vm− , s−) (respectively w− = λ+(vm+ , s+) and wr = λ+(v+, s+)).
Let (V c, U c,Θc)(t, x) be the viscous contact wave defined in (1.12) with (v±, u±, θ±) replaced by
(vm± , um± , θm± )(t, x) respectively. SetVU
Θ
 (t, x) =
 V
r− + V c + V r+
U r− + U c + U r+
Θr− + Θc + Θr+
 (t, x)−
v
m− + vm+
2um
θm− + θm+
 , (1.32)
then our second main result is as follows.
Theorem 1.2 (Global stability of composite waves). Suppose that the constant states (v±, u±, θ±)
satisfy (1.24) for some small constant δ1 > 0, and |θ+−θ−| ≤ m0(γ−1) for some (γ−1)−independent
positive constant m0. Let (V,U,Θ)(t, x) be the combination of the viscous contact wave and approx-
imate rarefaction waves defined in (1.32), and the conditions (ii)-(iv) of Theorem 1.1 hold. Then
there exist positive constants ε1  1, δ2  1 and C1 which depend only on V , V , Θ, Θ and the initial
data N0 such that if 0 < ε ≤ ε1 and 0 < δ := γ − 1 ≤ δ2, the Cauchy problem (1.1)-(1.2) admits a
unique global-in-time solution (v, u, θ)(t, x) satisfying{
(v − V, u− U, θ −Θ)(t, x) ∈ C(0, T ;H2(R)×H1(R)×H1(R)),
(v − V, u− U, θ −Θ)x(t, x) ∈ L2(0, T ;H2(R)×H1(R)×H1(R)),
(1.33)
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C−11 ≤ v(t, x) ≤ C1,
Θ
2
≤ θ(t, x) ≤ 2Θ, ∀ (t, x) ∈ [0,∞)× R, (1.34)
and
lim
t→+∞ supx∈R
{|(v − V, u− U, θ −Θ) (t, x)|} = 0. (1.35)
Remark 1.2. Two remarks on Theorems 1.1-1.2 are listed below.
(1) From Lemma 2.3 and (1.35), we have also the following asymptotic behavior of solutions:
lim
t→+∞ supx∈R

∣∣(v − vr− − V c − vr+ + vm− + vm+ ) (t, x)∣∣∣∣(u− ur− − ur+ + um) (t, x)∣∣∣∣(θ − θr− −Θc − θr+ + θm− + θm+ ) (t, x)∣∣
 = 0,
where (vr−, ur−, θr−)(t, x) and (vr−, ur−, θr−)(t, x) are the 1-rarefaction wave and 3-rarefaction wave
uniquely determined by (1.5), (1.28), respectively.
(2) In Theorems 1.1-1.2, the smallness of γ − 1 plays an important role in our analysis. Recently,
Huang and Wang [43] studied the global stability of the combination of viscous contact wave
with rarefaction waves for the Cauchy problem of the 1-D compressible Navier-Stokes system
without the conditions that γ is close to 1. However, it seems that the method of [43] can not
be applied to the nonisothermal compressible Navier-Stokes-Korteweg system (1.1) because of
some difficult nonlinear terms caused by the Korteweg tensor. The problem on how to get the
global stability of basic waves for the nonisothermal compressible fluid models of Korteweg type
with general constant γ > 1 is under our current research.
Now we outline the main ideas used in proving Theorems 1.1-1.2. The key ingredient in the
proof of Theorem 1.1 is to deducing the uniform-in-time positive lower and upper bounds on the
specific volume v(t, x) and the temperature θ(t, x). To achieve this, we make the a priori assumption
‖(θ −Θ)(t)/√γ − 1‖1 ≤ N1, ∀ t ∈ [0, T ] for some positive constants N1 and T . Then the lower and
upper bounds for the temperature θ(t, x) follow easily by the smallness assumption of γ − 1 and the
Sobolev inequality (see (3.14)-(3.15) for details). The bounds for the specific volume v(t, x) from
below and above were established by using Kanel’s technique [21], which is based on the basic energy
estimates of solutions (φ, ψ, ζ) to the reformulated system (3.1) and the estimate of ‖µ(v,θ)φxv (τ)‖
(see Lemma 3.4 and Corollary 3.1). Here we remark that even in the case of constant viscosity
coefficient, the classical method of Kazhikhov and Shelukhin [47] can’t yields the desired lower and
upper bounds on v(t, x) and θ(t, x) for the compressible Navier-Stokes-Korteweg system (1.1) due to
the appearance of the Korteweg tensor. Once the uniform lower and upper bounds on v(t, x) and
θ(t, x) are obtained, the higher order energy estimates of solutions can be deduced by using the lower
order energy estimates and Gronwall’s inequality. Compared with former results [26, 14, 5, 7, 8]
on the construction of global large solutions to the one-dimensional compressible fluid models of
Korteweg type, there are two additional difficulties in our analysis.
1. The first one lies in dealing with the highly nonlinear terms in system (1.1) under large initial
perturbation, such as the terms K and F in (1.3). The system (1.1) under consideration
here is more complex than those in [26, 14, 5, 7, 8]. In particular, the viscosity coefficient
µ(v, θ) and the capillarity coefficient κ(v, θ) here can depend on both the specific volume v
and the temperature θ. As far as we know, temperature-dependent viscosity and capillarity
coefficients are not considered for the global large solutions to the compressible fluid models
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of Korteweg type in the literatures available now. These density- and temperature-dependent
physical coefficients will enhance the nonlinearity of the system and thus leads to difficulty
in analysis for global solvability with large data. To control the possible growth of solutions
caused by the highly nonlinearity of the system, we mainly use the smallness assumptions on
γ − 1 and κθ(v, θ) (see (1.16)), and some elaborate analysis.
2. The second difficulty is to control the growth of solutions caused by the viscous contact wave,
which is quite different from the case of the compressible Navier-Stokes system [44, 48]. Due to
the effect of the Korteweg tensor, a third order spatial derivative of the viscous contact wave
Θxxx(t, x) appears in the estimate of
∫ t
0 ‖φxxx(τ)‖2dτ . Consequently,
∫ t
0 ‖φxxx(τ)‖2dτ may be
bounded by C(γ − 1)− 12 for some positive constant C independent of t and γ − 1 (see (3.90)).
Moreover,
∫ t
0 ‖φxxx(τ)‖2dτ also presents as a remainder term in the estimate of ‖ψx(t)‖ (see
(3.86)). Since γ − 1 should be small in our setting, the terms ∫ t0 ‖φxxx(τ)‖2dτ and ‖ψx(t)‖ will
grow as γ − 1 decrease. Thus a difficulty problem is how to control the growth of solutions
induced by Θxxx(t, x). To over come such a difficulty, we make the a priori assumption (3.7)-
(3.8), which together with a careful continuation argument can yield the desired energy-type
estimates of solutions to the Cauchy problem (3.1)-(3.2).
The proof of Theorem 1.2 is similar to that of Theorem 1.1, but with an additional difficulty
to control the interactions of wave from different families. With the aid of a domain decomposition
technique developed in [38] and the properties of the approximate rarefaction waves and viscous
contact wave, we can successfully overcome this difficulty and finally get the desired a priori estimates
for solutions of the Cauchy problem (4.5)-(4.6).
Before concluding this section, we should mention that the nonlinear stability of basic waves for
the compressible Navier-Stokes equations has been studied by many authors. We refer to [31, 32,
33, 37] for the nonlinear stability of viscous shock waves, [34, 35, 36] for the nonlinear stability of
rarefaction waves, [38, 39, 40, 41, 42, 43, 44] for the nonlinear stability of contact discontinuity, and
[38, 43, 45, 48, 49, 50] for the nonlinear stability of composite waves.
The rest of this paper is organized as follows. In Section 2, we list some basic properties of the
viscous contact wave and rarefaction waves for later use. An important lemma concerning the heat
kernel and a domain decomposition technique were also presented in this section. The main theorems
1.1 and 1.2 will be proved in Sections 3 and 4, respectively.
Notations: Throughout this paper, we denote δ := γ−1 for notational simplicity. c, C and O(1)
stand for some generic positive constants which may depend on V , V ,Θ,Θ,m0 and M0 (m0,M0 are
positive constants given in Proposition 3.2 ), but are independent of t and δ. If the dependence need
to be explicitly pointed out, the natation C(·, · · · , ·), ci(·, · · · , ·) or Ci(·, · · · , ·)(i ∈ N) is used. For
function spaces, Lp(R)(1 ≤ p ≤ +∞) denotes the standard Lebesgue space with the norm
‖f‖Lp(R) =
(∫
R
|f(x)|p dx
) 1
p
,
and H l(R) is the usual l-th order Sobolev space with its norm
‖f‖l =
(
l∑
i=0
‖∂ixf‖2
) 1
2
with ‖ · ‖ := ‖ · ‖L2(R).
Finally, ‖ · ‖L∞T,x stands for the norm ‖ · ‖L∞([0,T ]×R).
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2 Preliminaries
The viscous contact wave (V,U,Θ)(t, x) defined in (1.12) has the following properties.
Lemma 2.1 ([44]). Let |θ+ − θ−| ≤ m0δ, where δ = γ − 1 and m0 > 0 is a positive constant
independent of δ, then it holds that
(i) |V − v±|+ |Θ− θ±| ≤ c1δe−
c0x
2
δ(1+t) ,
(ii) |∂kxV |+ |∂kxΘ| ≤ c2δ
2−k
2 (1 + t)−
k
2 e
− c0x2
δ(1+t) , ∀ k ∈ Z+,
(iii) |∂k−1x U | ≤ c3δ|∂kxΘ| ≤ c4δ
4−k
2 (1 + t)−
k
2 e
− c0x2
δ(1+t) , ∀ k ∈ Z+.
where ci, i = 0, 1, 2, 3, 4 are positive constants depending only on θ±.
The following lemma on the heat kernel will play an important role in the analysis of this paper,
whose proof can be found in [38].
For α ∈ (0, c04 ], we define
w(t, x) = (1 + t)−
1
2 exp
{
− αx
2
δ(1 + t)
}
, g(t, x) =
∫ x
−∞
w(t, y) dy. (2.1)
Then it is easy to check that
4αgt = δwx, ‖g(t, ·)‖L∞ =
√
piα−1/2δ
1
2 , (2.2)
and we have
Lemma 2.2 ([38]). For any 0 < T ≤ ∞, suppose that h(t, x) satisfies
h ∈ L∞(0, T ;L2(R)), hx ∈ L2(0, T ;L2(R)), ht ∈ L2(0, T ;H−1(R)).
Then the following estimate holds:∫ T
0
∫
R
h2w2dxdt ≤ 4pi‖h(x, 0)‖2 + 4piδα−1
∫ T
0
‖hx(τ)‖2dτ + 8α
δ
∫ T
0
〈ht, hg2〉 dτ, (2.3)
where 〈·, ·〉 denotes the inner product on H−1 ×H1.
The solution w(t, x) has the following properties.
Lemma 2.3. For given w− ∈ R and w¯ > 0, let w+ ∈ {w|0 < w˜ , w − w− < w¯}. Then the problem
(1.31) has a unique global smooth solution satisfying the following
(i) w− < w(t, x) < w+, wx > 0, x ∈ R, t > 0.
(ii) For any p ∈ [1,+∞], there exists some positive constant C = C(p, w−, w¯) such that for w˜ ≥ 0
and t ≥ 0,
‖wx(t)‖Lp ≤ C min{w˜, w˜
1
p t
−1+ 1
p }, ‖wxx(t)‖Lp ≤ C min{w˜, t−1}.
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(iii) If w− > 0, for any (t, x) ∈ [0,+∞)× (−∞, 0],
|w(t, x)− w−| ≤ w˜e−2(|x|+w−t), |wx(t, x)| ≤ 2w˜e−2(|x|+w−t).
(iv) If w+ < 0, for any (t, x) ∈ [0,+∞)× [0,+∞),
|w(t, x)− w+| ≤ w˜e−2(|x|+|w+|t), |wx(t, x)| ≤ 2w˜e−2(|x|+|w+|t).
(v) Let wr(xt ) be the Riemann solution of the scalar equation (1.31)1 with the Riemann initial data
w(0, x) =
{
w−, x < 0,
w+, x > 0,
then we have
lim
t→+∞ supx∈R
∣∣∣w(t, x)− wr (x
t
)∣∣∣ = 0.
In order to use Lemma 2.3 to study the properties of the smooth rarefaction waves (V r±, U r±,Θr±)
constructed in (1.30) and the viscous contact wave (V c, U c,Θc)(t, x), we divided the the domain
R× (0, t) into three parts, that is R× (0, t) = Ω− ∪ Ωc ∪ Ω+ with
Ω± = {(x, t)| ± 2x > ±λ±(vm± , s±)t}, Ωc = {(x, t)|λ−(vm− , s−)t ≤ 2x ≤ λ+(vm+ , s+)t}.
Lemma 2.4. Assume that (1.25) holds. Then the smooth rarefaction waves (V r±, U r±,Θr±) constructed
in (1.30) and the viscous contact wave (V c, U c,Θc)(t, x) satisfy the following
(i)
(
U r±
)
x
≥ 0, x ∈ R, t > 0.
(ii) For any p ∈ [1,+∞], there exists a positive constant C = C(p, v−, u−, θ−, δ1,m0) such that for
δ = γ − 1 and t ≥ 0,∥∥((V r±)x, (U r±)x, (Θr±)x) (t)∥∥Lp ≤ C min{δ, δ 1p t−1+ 1p },∥∥∥(∂kxV r±, ∂kxU r±, ∂kxΘr±) (t)∥∥∥
Lp
≤ C min{δ, t−1}, k = 2, 3.
(iii) There exists some positive constant C = C(p, v−, u−, θ−, δ1,m0) such that for δ = γ − 1 and
c1 =
1
20
min
{∣∣λ−(vm− , s−)∣∣ , λ+(vm+ , s+), c0λ2−(vm− , s−), c0λ2+(vm+ , s+), 1} ,
we have in Ωc that∣∣((V r±)x, (U r±)x, (Θr±)x)∣∣+ ∣∣V r± − vm± ∣∣+ ∣∣Θr± − θm± ∣∣ ≤ Cδe−c1(|x|+t),
and in Ω∓,
|V cx |+ |Θcx| ≤ Cδ
1
2 e−c1(|x|+t),∣∣V c − vm∓ ∣∣+ ∣∣Θc − θm∓ ∣∣+ |U cx| ≤ Cδe−c1(|x|+t),∣∣((V r±)x, (U r±)x, (Θr±)x)∣∣+ ∣∣V r± − vm± ∣∣+ ∣∣Θr± − θm± ∣∣ ≤ Cδe−c1(|x|+t).
(iv) It holds that
lim
t→+∞ supx∈R
∣∣∣(V r±, U r±,Θr±)(t, x)− (vr±, ur±, θr±)(xt )∣∣∣ = 0.
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3 Proof of Theorem 1.1
This section is devoted to proving Theorem 1.1. To do so, we first reformulate the original problem,
and then perform energy estimates on solutions to the reformulated system.
3.1 Reformulation of the problem
First, we define the perturbation (φ, ψ, ζ)(t, x) by
φ(t, x) = v(t, x)− V (t, x), ψ(t, x) = u(t, x)− U(t, x), ζ(t, x) = θ(t, x)−Θ(t, x),
then it follows from (1.1) and (1.13) that
φt − ψx = 0,
ψt +
(
R(Θ + ζ)
v
− RΘ
V
)
x
=
(
µ(v, θ)ux
v
− µ(V,Θ)Ux
V
)
x
+Kx −R1,(
R
γ − 1 −
θ
2
kθθ(v, θ)
v2x
v5
)
ζt + p(v, θ)ux − P (V,Θ)Ux
=
(
α˜(v, θ)θx
v
− α˜(V,Θ)
V
Θx
)
x
+
µ(v, θ)u2x
v
− µ(V,Θ)U
2
x
V
−R2 + F + θ
2
kθθ(v, θ)
v2x
v5
Θt,
(3.1)
where K and F are defined in (1.3). System (3.1) is supplemented with the following initial data
and far-field end state:{
(φ, ψ, ζ)(0, x) = (φ0, ψ0, ζ0)(x) = (v − V, u− U, θ −Θ)(0, x),
(φ, ψ, ζ)(t,±∞) = 0.
(3.2)
We seek the solutions of the Cauchy problem (3.1)-(3.2) in the following set of functions:
X(0, T ;m1,M1,m2,M2)
=
(φ, ψ, ζ)(t, x)
∣∣∣∣∣∣∣
(φ, ψ, ζ)(t, x) ∈ C(0, T ;H2(R)×H1(R)×H1(R)),
(φx, ψx, ζx)(t, x) ∈ L2(0, T ;H2(R)×H1(R)×H1(R)),
m1 ≤ φ(t, x) + V ((t, x) ≤M1, m2 ≤ ζ(t, x) + Θ(t, x) ≤M2,

where m1,m2,M1,M2 and 0 ≤ T ≤ +∞ are some positive constants. Then to prove Theorem 1.1, it
suffices to show the following theorem.
Theorem 3.1. Under the assumptions of Theorem 1.1, there exist two small positive constant ε0
and δ0 depending only on V , V , Θ, Θ, ‖φ0‖2 and
∥∥∥(ψ0, ζ0√δ)∥∥∥1 such that if 0 < ε ≤ ε0 and 0 <
δ := γ−1 ≤ δ0, the Cauchy problem (3.1)-(3.2) admits a unique global-in-time solution (φ, ψ, ζ)(t, x)
satisfying
C−10 ≤ v(t, x) ≤ C0,
Θ
2
≤ θ(t, x) ≤ 2Θ, ∀ (t, x) ∈ [0,∞)× R, (3.3)
‖φ(t)‖22 +
∥∥∥∥(ψ, ζ√δ
)
(t)
∥∥∥∥2
1
+
∫ t
0
(
‖(φx, ψx, ζx) (τ)‖21
)
dτ
≤ C3
(
‖φ0‖22 +
∥∥∥∥(ψ0, ζ0√δ
)∥∥∥∥2
1
)
, ∀ t > 0,
(3.4)
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and ∫ t
0
‖φxxx(τ)‖2 dτ ≤ C4
(
1 + δ−
1
2
)
, ∀ t > 0. (3.5)
Moreover, the following large-time behavior of solutions hold:
lim
t→+∞ supx∈R
{|(φ, ψ, ζ) (t, x)|} = 0. (3.6)
Here C0 is a positive constants depending only on V , V , Θ, Θ, ‖φ0‖1 and
∥∥∥(ψ0, ζ0√δ)∥∥∥, and C3, C4
are positive constants depending only on V , V , Θ, Θ, ‖φ0‖2 and
∥∥∥(ψ0, ζ0√δ)∥∥∥1.
In order to prove Theorem 3.1, we first give the following local existence result.
Proposition 3.1 (Local existence). Under the assumptions of Theorem 1.1, there exists a sufficiently
small positive constant t1 depending only on V , V , Θ, Θ and ‖φ0‖2, ‖(ψ0, ζ0√δ )‖1 such that the Cauchy
problem (3.1)-(3.2) admits a unique smooth solution (φ, ψ, ζ)(t, x) ∈ X
(
0, t1;
V
2 , 2V ,
Θ
2 , 2Θ
)
, and
sup
t∈[0,t1]
{
‖φ(t)‖22 +
∥∥∥∥(ψ, ζ√δ
)
(t)
∥∥∥∥2
1
}
+
∫ t1
0
(‖φx(τ)‖22 + ‖(ψx, ζx)(τ)‖21) dτ
≤ b
(
‖φ0‖22 +
∥∥∥∥(ψ0, ζ0√δ
)∥∥∥∥2
1
)
,
where b > 1 is a positive constant depending only on V and V .
Proposition 3.1 can be obtained by using the dual argument and iteration technique, the proof
of which is similar to that of Theorem 2.1 in [19] and thus omitted here for brevity.
Suppose that the local solution (φ, ψ, ζ)(t, x) obtained in Proposition 3.1 has been extended to
the time step t = T ≥ t1 for some positive constant T > 0. To prove the global existence of solutions
to the Cauchy problem (3.1)-(3.2), by the standard continuation argument, we need to establish the
following a priori estimates.
Proposition 3.2 (A priori estimates). Under the assumptions of Theorem 3.1, suppose that (φ, ψ, ζ)
(t, x) ∈ X(0, T ;m0,M0,Θ0,Θ1) is a solution of the Cauchy problem (3.1)-(3.2) for some positive
constants T , m0, M0, Θ0, and Θ1, and satisfies the following a priori assumptions:
sup
t∈[0,T ]
{
‖φ(t)‖22 +
∥∥∥∥(ψ, ζ√δ
)
(t)
∥∥∥∥2
1
}
+
∫ T
0
‖(φx, ψx, ζx)(τ)‖21 dτ ≤ N21 , (3.7)
∫ T
0
‖φxxx(τ)‖2 dτ ≤ N22 . (3.8)
Then there exist a smooth positive function Ξ1(m0,M0;V , V ,Θ,Θ, N01) which is increasing on both
(m0)
−1 and M0, and a positive constant Ξ2(V , V ,Θ,Θ, N01) with N01 := ‖φ0‖1 + ‖(ψ0, ζ0√δ )‖ such
that if 
Ξ1(m0,M0;V , V ,Θ,Θ, N01)N
11
1 δ
1
4 <
1
3
,
Ξ2(V , V ,Θ,Θ, N01)N
4
1 ε <
1
3
,
N22 δ
3
4 < 1,
(3.9)
then the inequalities in (3.3)-(3.5) hold for all (t, x) ∈ [0, T ]× R.
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Proof of Theorem 3.1. Based on Propositions 3.1-3.2, we now use the continuation argument to
extend the unique local solution (φ, ψ, ζ)(t, x) to be a global one, i.e., T = +∞. First, we have from
Proposition 3.1 that (φ, ψ, ζ)(t, x) ∈ X(0, t1;m0,M0,Θ0,Θ1) with m0 = V2 ,M0 = 2V ,Θ0 = Θ2 ,Θ1 =
2Θ and the a priori assumption (3.7)-(3.8) hold with
N1 = N2 =
√
b
(
‖φ0‖2 +
∥∥∥∥(ψ0, ζ0√δ
)∥∥∥∥
1
)
:=
√
bN0
for all t ∈ [0, t1], where t1 > 0 is a small positive constant given in Proposition 3.1. Then it is easy to
find two small positive constants δ1 > 0 and ε1 > 0 depending only on V , V ,Θ,Θ and N0 such that
Ξ1
(
V
2
, 2V ;V , V ,Θ,Θ, N01
)
(
√
bN0)
11δ
1
4
1 <
1
3
,
Ξ2(V , V ,Θ,Θ, N01)(
√
bN0)
4ε0 <
1
3
,
(
√
bN0)
2δ
3
4
1 < 1.
(3.10)
Thus if 0 < δ ≤ δ1 and 0 < ε ≤ ε1, then the inequalities in (3.3)-(3.5) hold for all (t, x) ∈ [0, t1]× R.
Now we take (φ, ψ, ζ)(t1, x) as initial data, then by Proposition 3.1, we can extend the local
solution (φ, ψ, ζ)(t, x) to the time step t = t1 + t2 for some suitably small constant t2 > 0 depending
only on V , V ,Θ,Θ and N0. Moreover, (φ, ψ, ζ)(t, x) ∈ X(t1, t1 + t2;m0,M0,Θ0,Θ1) with m0 =
C−10
2 ,M0 = 2C0,Θ0 =
Θ
4 ,Θ1 = 4Θ and the a priori assumption (3.7)-(3.8) hold with
N1 =
√
C3N0, N2 =
√
C4
(
1 + δ−
1
2
)
for all t ∈ [t1, t1 + t2]. Then there exist two small positive constants δ2 > 0 and ε2 > 0 depending
only on V , V ,Θ,Θ and N0 such that
Ξ1
(
C−10
2
, 2C0;V , V ,Θ,Θ, N01
)
(
√
C3N0)
11δ
1
4
2 <
1
3
,
Ξ2(V , V ,Θ,Θ, N01)(
√
C3N0)
4ε2 <
1
3
,
C4
(
1 + δ
− 1
2
2
)
δ
3
4
2 < 1.
(3.11)
Consequently, if 0 < δ ≤ δ2 and 0 < ε ≤ ε2, the inequalities in (3.3)-(3.5) hold for all (t, x) ∈
[t1, t1 + t2] × R. Letting δ0 = min{δ1, δ2} and ε0 = min{ε1, ε2}, we see that if 0 < δ ≤ δ0 and
0 < ε ≤ ε0, then the local solution (φ, ψ, ζ)(t, x) ∈ X(0, t1 + t2;C−10 , C0, Θ2 , 2Θ).
Next, taking (φ, ψ, ζ)(t1+t2, x) as initial data and exploiting Proposition 3.1 again, we can extend
the local solution (φ, ψ, ζ)(t, x) to the time step t = t1 + 2t2. By repeating the above procedure, we
can thus extend the local solution (φ, ψ, ζ)(t, x) step by step to a global one provided that 0 < δ < δ0
and 0 < ε < ε0. And as a by-product, the inequalities in (3.3)-(3.5) hold for all (t, x) ∈ [0,+∞)×R.
Finally, the estimates (3.4) and the system (3.1) imply that∫ +∞
0
(
‖ (φx, ψx, ζx) (t)‖2 +
∣∣∣∣ ddt (‖ (φx, ψx, ζx) (t)‖2)
∣∣∣∣) dt <∞, (3.12)
which, together with (3.4) and the Sobolev inequality:
‖f(t)‖L∞ ≤ ‖f(t)‖ 12 ‖fx(t)‖ 12 , ∀ f(t, ·) ∈ H1(R) (3.13)
leads to the asymptotic behaviors (3.6). This completes the proof of Theorem 3.1.
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3.2 Energy estimates
In this subsection, we shall prove Proposition 3.2. First of all, notice that (3.7) implies ‖ζ(t)‖1 ≤ N1δ 12
for all t ∈ [0, T ], thus if δ > 0 is sufficiently small such that N1δ 12 < Θ2 , then we have
|(θ −Θ)(t, x)| ≤ ‖ζ(t)‖L∞(R) ≤ ‖ζ(t)‖
1
2 ‖ζx(t)‖ 12 ≤ ‖ζ(t)‖1 ≤ Θ
2
, ∀ (t, x) ∈ [0, T ]× R. (3.14)
Consequently
Θ
2
≤ Θ(t, x)− Θ
2
≤ θ(t, x) ≤ Θ(t, x) + Θ
2
≤ 2Θ, ∀(t, x) ∈ [0, T ]× R. (3.15)
Throughout of this subsection, we always assume N1δ
1
2 < Θ2 so that (3.14)-(3.15) hold. Moreover,
we denote
N0 := ‖φ0‖2 +
∥∥∥∥(ψ0, ζ0√δ
)∥∥∥∥
1
, N01 := ‖φ0‖1 +
∥∥∥∥(ψ0, ζ0√δ
)∥∥∥∥ ,
and assume that N1 ≥ N0  1, N01  1 and δ < 1 without loss of generality.
Proposition 3.2 will obtained by a series of lemmas below. The following basic energy estimates
is key for the proof of Proposition 3.2.
Lemma 3.1 (Basic energy estimates). Under the assumptions of Proposition 3.2, there exist a
positive constant C(V , V ,Θ,Θ) and a positive constant C5 depending only on V , V ,Θ,Θ,m0,M0
such that∫
R
[
RΘΦ
( v
V
)
+
ψ2
2
+
R
δ
ΘΦ
(
θ
Θ
)
+
κ(v, θ)v2x
v5
]
dx+
∫ t
0
∫
R
(
µ(v, θ)Θψ2x
θv
+
α˜(v, θ)Θζ2x
vθ2
)
dxdτ
≤ C(V , V ,Θ,Θ)
∥∥∥∥(φ0, φ0x, ψ0, ζ0√δ
)∥∥∥∥2 + C5δ ∫ t
0
(1 + τ)−1
∫
R
(
φ2 +
ζ2
δ
)
e
− c0x2
δ(1+τ) dxdτ
+C5
(
N61 δ
1
2
∫ t
0
‖(φx, φxx, ψx, ζx)(τ)‖2 dτ +N51 δ
)
. (3.16)
Proof. Multiplying (3.1)1 by −RΘ(v−1 − V −1), (3.1)2 by ψ, and (3.1)3 by ζθ−1, then adding the
resulting equations together, we have{
RΘΦ
( v
V
)
+
ψ2
2
+
R
δ
ΘΦ
(
θ
Θ
)}
t
+ Ex +
µ(v, θ)Θψ2x
vθ
+
α˜(v, θ)Θζ2x
vθ2
=Q0 +Q1 +Q2 +Q3,
(3.17)
where
E = (p− p+)ψ −
(
µ(v, θ)
v
ux − µ(V,Θ)
V
Ux
)
ψ −
(
α˜(v, θ)θx
v
− α˜(V,Θ)
V
Θx
)
ζ
θ
,
Q0 = −p+Φ
(
V
v
)
Ux − p+
δ
Φ
(
Θ
θ
)
Ux −
(
µ(v, θ)
v
− µ(V,Θ)
V
)
Uxψx,
+ (p+ − p)ζ
θ
Ux +
α˜(v, θ)ζxζΘx
θ2
−
(
α˜(v, θ)
v
− α˜(V,Θ)
V
)(
ζx
θ
− ζθx
θ2
)
Θx
+
(
µ(v, θ)(U2x + 2ψxUx)
v
− µ(V,Θ)
V
U2x
)
ζ
θ
,
Q1 = Kxψ, Q2 = −R1ψ + F
θ
ζ −R2 ζ
θ
, Q3 =
κθθ(v, θ)
2v5
v2xθtζ,
Φ(s) = s− 1− ln s.
(3.18)
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Integrating (3.17) over [0, t]× R yields∫
R
{
RΘΦ
( v
V
)
+
ψ2
2
+
R
δ
ΘΦ
(
θ
Θ
)}
dx+
∫ t
0
∫
R
(
µ(v, θ)Θ
θv
ψ2x +
α˜(v, θ)Θ
vθ2
ζ2x
)
dxdτ
=
∫
R
[
RΘ0Ψ
(
v0
V0
)
+
ψ20
2
+
R
δ
Θ0Φ
(
θ0
Θ0
)]
dx+
∫ t
0
∫
R
(Q0 +Q1 +Q2 +Q3) dxdτ,
(3.19)
where V0 = V (x, t)|t=0, Θ0 = Θ(t, x)|t=0.
By the convexity of Φ(s) and the Cauchy inequality, we have
|Q0| ≤ C(V , V ,Θ,Θ,m0,M0)
(
|φ2Ux|+
∣∣∣∣ζ2δ Ux
∣∣∣∣+ |(φ, ζ)Uxψx|+ |(φ, ζ)ζUx|
+|ζxζΘx|+ |(φ, ζ)Θx||(Θζx, ζΘx)|+ |(φ, ζ)ζ||U2x |+ |ψxUxζ|
)
≤ µ(v, θ)Θ
4v
ψ2x +
α˜(v, θ)Θ
4vθ2
ζ2x + C(V , V ,Θ,Θ,m0,M0)
(
φ2 +
ζ2
δ
)
(|Ux|+ Θ2x|),
(3.20)
thus ∣∣∣∣∫ t
0
∫
R
Q0 dxdτ
∣∣∣∣ ≤ 14
∫ t
0
∫
R
µ(v, θ)Θ
vθ
ψ2x dxdτ +
1
4
∫ t
0
∫
R
α˜(v, θ)Θ
vθ2
ζ2x dxdτ
+ C(V , V ,Θ,Θ,m0,M0)
∫ t
0
∫
R
(
φ2 +
ζ2
δ
)
(|Ux|+ Θ2x) dxdτ.
(3.21)
Using (3.1)1, we have by a direct computation that
Q1 = Kxψ = {Kψ}x −Kψx
= {· · · }x −
{
−κ(v, θ)vxx
v5
+
5κ(v, θ)− vκv(v, θ)
2v6
v2x −
κθ(v, θ)vxθx
v5
}
ψx
= {· · · }x −
{
−κ(v, θ)vxx
v5
+
5κ(v, θ)− vκv(v, θ)
2v6
v2x −
κθ(v, θ)vxθx
v5
}
φt
= {· · · }x −
{
−κ(v, θ)vxx
v5
+
5κ(v, θ)− vκv(v, θ)
2v6
v2x −
κθ(v, θ)vxθx
v5
}
vt
+
{
−κ(v, θ)vxx
v5
+
5κ(v, θ)− vκv(v, θ)
2v6
v2x −
κθ(v, θ)vxθx
v5
}
Vt
= {· · · }x −
(
κ(v, θ)v2x
2v5
)
t
+
κθθtv
2
x
2v5
+
{
−κ(v, θ)vxx
v5
+
5κ(v, θ)− vκv(v, θ)
2v6
v2x −
κθ(v, θ)vxθx
v5
}
Vt.
(3.22)
Here and hereafter, {· · · }x denotes the terms which will disappear after integrating with respect to
x. Thus we have∫ t
0
∫
R
Q1 dxdτ =−
∫
R
κ(v, θ)v2x
2v5
dx+
∫
R
κ(v0, θ0)v
2
0x
2v50
dx+
∫ t
0
∫
R
κθθtv
2
x
2v5
dxdτ
+
∫ t
0
∫
R
{
−κ(v, θ)vxx
v5
+
5κ(v, θ)− vκv(v, θ)
2v6
v2x −
κθ(v, θ)vxθx
v5
}
Vt dxdτ
:=−
∫
R
κ(v, θ)v2x
2v5
dx+
∫
R
κ(v0, θ0)v
2
0x
2v50
dx+ I1 + I2.
(3.23)
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For I1, notice that (3.3)3 implies
κθθtv
2
x
2v5
=
κθv
2
x
2v5
1
Cv − θ2κθθ(v, θ)v
2
x
v5
[
−pux +
(
α˜(v, θ)θx
θ
)
x
+
µ(v, θ)u2x
v
+ F
]
=
κθv
2
x
2v5
1
Cv − θ2κθθ v
2
x
v5
(
−pux + µ(v, θ)u
2
x
v
+
vκθv − κθ
2v6
θuxv
2
x
)
−1
2
(
θκ2θv
3
x
(Cv − θ2κθθ v
2
x
v5
)v10
)
x
ux −
α˜θx
(
2κθvxvxx + κθvvx + κθθθxv
2
x
)
2v6(Cv − θ2κθθ v
2
x
v5
)
+
5κθα˜θxv
3
x
2v7(Cv − θ2κθθ v
2
x
v5
)
− κθv
2
x
2v5
1
(Cv − θ2κθθ v
2
x
v5
)2
[
κθθθxv
2
x
2v5
+
θκθθvv
3
x
2v5
+
θκθθθθxv
2
x
2v5
+
θκθθvxvxx
v5
− 5θκθθv
3
x
2v6
]
α˜θx
v
+ {· · · }x (3.24)
≤ Cδ (|v2xux|+ |v2xu2x|+ |uxv4x|+ |vxvxxθx|+ |v3xθx|+ |θ2xv2x|+ |θ2xv4x|+ |θxv5x|
+|θxv3xvxx|+
(|θxv3x|+ |v4x|+ |v2xvxx|+ |θxv5x|+ |v6x|+ |v4xvxx|) |ux|)+ {· · · }x,
where we have used 1
Cv− θ2κθθ
v2x
v5
≤ 1Cv ≤ Cδ. Therefore,
I1 ≤ Cδ
∫ t
0
∫
R
|v2xux|
(
1 + v2x + v
4
x
)
dxdτ
+ Cδ
∫ t
0
∫
R
(v2x + 1)
(|vxvxxθx|+ |v3xθx|+ |θ2xv2x|+ |θxuxv3x|) dxdτ
+ Cδ
∫ t
0
∫
R
(
v2xu
2
x + (v
2
x + v
4
x)|uxvxx|
)
dxdτ
:= I11 + I
2
1 + I
3
1 .
(3.25)
It follows from the Cauchy inequality, Young inequality, Sobolev inequality and Lemma 2.1 that
I11 ≤ Cδ
∫ t
0
(
1 + ‖vx‖2L∞ + ‖vx(τ)‖4L∞
) ∫
R
(‖φx(τ)‖L∞φxψx + φ2xU2x + V 4x + ψ2x + V 2x Ux) dxdτ
≤ CN51 δ
∫ t
0
‖(φx, ψx)(τ)‖2 dτ +O(1)δ 72N41 , (3.26)
I21 ≤ Cδ
∫ t
0
(‖vx(τ)‖2L∞ + 1) ∫
R
{‖φx(τ)‖L∞φxxζx + |φxζxVxx|+ |φxxζxVx|+ |ζxVxVxx|
+‖φx(τ)‖2L∞ |φxζx|+ |ζxV 3x |+ |φxφxxΘx|+ |φxVxxΘx|+ |φxxVxΘx|+ |VxVxxΘx|
+‖φx(τ)‖2L∞φ2x|Θx|+ |V 3x Θx|+ ‖φx(τ)‖2L∞ζ2x + ζ2xV 2x + Θ2xφ2x + Θ2xV 2x + ‖φx(τ)‖L∞ζxψx
+|ζxφxUx|+ |φxψxΘx|+ |φxΘxUx|+ |ζxψxVx|+ |ζxUxVx|+ |ψxΘxVx|+ |ΘxUxVx|} dxdτ
≤ CN41 δ
∫ t
0
‖(φx, φxx, ψx, ζx)(τ)‖2 dτ + CN21 δ
5
2 , (3.27)
I31 ≤ Cδ
∫ t
0
∫
R
{‖φx(τ)‖2L∞ψ2x + φ2xU2x + V 2x ψ2x + V 2x U2x
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+(‖vx(τ)‖2L∞ + ‖vx(τ)‖4L∞)(|ψxφxx|+ |ψxVxx|+ |Uxφxx|+ |UxVxx|)} dxdτ
≤ CN41 δ
∫ t
0
‖(φxx, ψx, φx)(τ)‖2 dτ + CN41 δ
5
2 . (3.28)
Combining (3.25)-(3.28) yields
I1 ≤ CN51 δ
∫ t
0
‖(φxx, ψx, ζx, φx)(τ)‖2 dτ + CN41 δ
5
2 . (3.29)
Similarly, it holds
I2 ≤ Cδ
∫ t
0
∫
R
(|φxx|+ |Vxx|+ |φ2x|+ V 2x + ζ2x + Θ2x) |Θt| dxdτ
≤ Cδ
∫ t
0
‖(φxx, φx, ζx)(τ)‖2 dτ + Cδ 32 .
(3.30)
Substituting (3.29) and (3.30) into (3.23), we have∫ t
0
∫
R
Q1 dxdτ ≤−
∫
R
κ(v, θ)v2x
2v5
dx+
∫
R
κ(v0, θ0)v
2
0x
2v50
dx
+ CN51 δ
∫ t
0
‖(φxx, φx, ψx, ζx)(τ)‖2 dτ + CN41 δ
3
2 .
(3.31)
By using the estimate of I1 and the fact that ‖ζ(t)‖L∞T,x ≤ sup
t∈[0,T ]
‖ζ(t)‖1 ≤ N1
√
δ,
∣∣∣∣∫ t
0
∫
R
Q3 dxdτ
∣∣∣∣ ≤ C ∣∣∣∣∫ t
0
∫
R
κθθtv
2
x
2v5
dxdτ
∣∣∣∣ · ‖ζ‖L∞T,x
≤ CN61 δ
3
2
∫ t
0
‖(φxx, φx, ψx)(τ)‖2 dτ + CN51 δ3.
(3.32)
Finally, for the estimate of
∫ t
0
∫
R
Q2 dxdτ , notice that
F
θ
ζ =
(
κθvxuxx
v5
+
vκθv(v, θ)− κθ(v, θ)
2v6
uxv
2
x
)
ζ
={· · · }x −
(κθvx
v5
ζ
)
x
ux +
vκθv(v, θ)− κθ(v, θ)
2v6
uxv
2
xζ
={· · · }x − v−5(κθvv2xζ + κθθθxvxζ + κθvxxζ + κθvxζx)ux
+ 5v−6κθv2xζux +
1
2
v−6[vκθv(v, θ)− κθ(v, θ)]v2xζux
={· · · }x +O(1)
(|v2xuxζ|+ |θxvxuxζ|+ |vxxuxζ|+ |vxζxux|) ,
then similar to the estimates of (3.26)-(3.28), we obtain∣∣∣∣∫ t
0
∫
R
F
θ
ζ dxdτ
∣∣∣∣ ≤ C‖ζ‖L∞T,x ∫ t
0
∫
R
(|v2xux|+ |θxvxux|+ |vxxux|) dxdτ
+C
∫ t
0
∫
R
|vxζxux| dxdτ
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≤ CN1δ 12
∫ t
0
∫
R
(u2x + v
4
x + Θ
4
x + v
2
xx) dxdτ + C
∫ t
0
∫
R
|ζx||vxux| dx
≤ CN1δ 12
∫ t
0
∫
R
(ψ2x + U
2
x + φ
4
x + V
4
x + Θ
4
x + φ
2
xx + V
2
xx) dxdτ
+C
∫ t
0
∫
R
(|ζxφxψx|+ |ζxφxUx|+ |ζxVxψx|+ |ζxVxUx|) dxdτ
≤ CN1δ 12
∫ t
0
∫
R
(
ψ2x + U
2
x + ‖φx‖2L∞φ2x + V 4x + φ2xx + Θ4x + V 2xx
)
dxdτ
+C
∫ t
0
{‖φx(τ)‖L∞‖ζx(τ)‖‖ψx(τ)‖+ ‖Ux‖L∞‖(ζx, φx)(τ)‖2
+‖Vx‖L∞‖(ζx, ψx)(τ)‖+ ‖Vx‖L∞‖ζx(τ)‖‖Ux(τ)‖} dτ
≤ CN31 δ
1
2
∫ t
0
‖(ψx, φx, ζx, φxx)(τ)‖2 dτ + CN1δ. (3.33)
On the other hand, we derive from (1.14) that∣∣∣∣∫ t
0
∫
R
(
−R1ψ − R2
θ
ζ
)
dxdτ
∣∣∣∣
≤C
∣∣∣∣∫ t
0
∫
R
(|R1ψ|+ |R2ζ|) dxdτ
∣∣∣∣
≤C
∫ t
0
(
‖ψ(τ)‖ 12 ‖ψx(τ)‖ 12 ‖R1‖L1 + ‖ζ(τ)‖
1
2 ‖ζx(τ)‖ 12 ‖R2‖L1
)
dτ
≤1
4
∫ t
0
∫
R
µ(v, θ)Θ
vθ
ψ2x dxdτ +
1
4
∫ t
0
∫
R
α˜(v, θ)Θ
vθ2
ζ2x dxdτ
+ C(m0,M0,Θ,Θ)
∫ t
0
(
‖ψ(τ)‖ 23 ‖R1‖
4
3
L1
+ ‖ζ(τ)‖ 23 ‖R2‖
4
3
L1
)
dτ
≤1
4
∫ t
0
∫
R
µ(v, θ)Θ
vθ
ψ2x dxdτ +
1
4
∫ t
0
∫
R
α˜(v, θ)Θ
vθ2
ζ2x dxdτ + CN
2
3
1 δ
4
3 ,
(3.34)
Consequently, ∣∣∣∣∫ t
0
∫
R
Q2 dxdτ
∣∣∣∣ ≤ ∣∣∣∣∫ t
0
∫
R
(
−R1ψ − R2
θ
ζ
)
dxdτ
∣∣∣∣+ ∣∣∣∣∫ t
0
∫
R
F
θ
dxdτ
∣∣∣∣
≤1
4
∫ t
0
∫
R
µ(v, θ)Θ
θv
ψ2x dxdτ +
1
4
∫ t
0
∫
R
α˜(v, θ)Θ
vθ2
ζ2x dxdτ
+ CN31 δ
1
2
∫ t
0
‖(φx, φxx, ψx, ζx)(τ)‖2 dτ + CN1δ.
(3.35)
Putting (3.21), (3.31), (3.32), (3.35) into (3.19), we get (3.16) immediately. This finishes the proof
of Lemma 3.1.
For the remainder term
∫ t
0 (1+τ)
−1 ∫
R(φ
2+ ζ
2
γ−1)e
− c0x2
δ(1+τ) dxdτ in (3.16), we establish the following:
Lemma 3.2. Under the assumptions of Proposition 3.2, there exist two positive constants C6, C7 > 1
depending only on V , V ,Θ,Θ,m0,M0 such that if
C6N
2
1 δ
1
2 <
1
2
min
{
2p2+, R
2,Θ
}
, (3.36)
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then it holds for all t ∈ [0, T ] that∫ t
0
∫
R
(
φ2 + ψ2 +
ζ2
δ
)
w2 dxdτ ≤ C7N61 δ−
3
4 + C7N
7
1 δ
− 3
4
∫ t
0
‖(φx, φxx, ψx, ζx)(τ)‖2 dτ. (3.37)
The proof of Lemma 3.2 is given in the Appendix, which is technique but similar to that of
Lemma 5 in [38].
Next, we estimate
∥∥∥µ(v,θ)φxv (t)∥∥∥.
Lemma 3.3. Under the assumptions of Proposition 3.2, there exist a positive constant C(V , V ,Θ,Θ)
and a positive constant C9 depending only on V , V ,Θ,Θ,m0,M0 such that∫
R
µ2(v, θ)
v2
φ2x dx+
∫ t
0
∫
R
µ(v, θ)θ
v3
φ2x dxdτ
+
∫ t
0
∫
R
[(√µ(v, θ)κ(v, θ)
v3
φx
)
x
]2
+
κ(v, θ)
µ(v, θ)v4
[(
µ(v, θ)
v
φx
)
x
]2 dxdτ
≤C(V , V ,Θ,Θ)
∥∥∥∥(φ0, ψ0, ζ0√δ , φ0x
)∥∥∥∥2 + C9(N61 δ 14 +N71 δ 14 ∫ t
0
‖(φx, φxx, ψx, ζx)(τ)‖2 dτ
)
.
(3.38)
Proof. Rewriting (3.1)2 as(
µ(v, θ)φx
v
)
t
− ψt + Rθ
v2
φx =−
(
µ(v, θ)Vx
v
)
t
+
Rζx
v
− Rζ − p+φ
v2
Vx
+
µθ(v, θ)(vxθt − θxux)
v
−Kx + Ut.
(3.39)
Multiplying (3.39) by
µ(v, θ)φx
v
and integrating the resulting equation over [0, t]× R, we have
∫
R
µ2(v, θ)
4v2
φ2x dx+
∫ t
0
∫
R
Rµ(v, θ)θ
v3
φ2x dxdτ
≤
∫
R
µ2(v0, θ0)
2v20
φ20x dx+ ‖ψ(t)‖2 + ‖ψ0‖2 +
∫ t
0
∫
R
µ(v, θ)ψ2x
v
dxdτ +
3∑
i=0
∫ t
0
∫
R
Ji dxdτ,
(3.40)
where
J0 = −ψφxθtµθ(v, θ)
v
+
µµθ
v2
vxφxθt − µµθ
v2
θtφxVx,
J1 = −µµθθxuxφx
v2
− µθθxψψx
v
,
J2 =
(µv
v
− µ
v2
)
(−ψφxUx + ψψxVx)− µ
v3
(Rζ − p+φ)Vxφx
−
(
µ(v, θ)
v
)
v
µ
v
φxVxVt − µ
2
v2
φxVxt +
µR
v2
ζxφx +
µ
v
φxUt,
J3 = −
(
µ(v, θ)
v
)
v
µ
v
ψxφxVx, J4 = −µ
v
φxKx.
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and we have used the the following Cauchy inequality:∣∣∣∣∫
R
ψ
µφx
v
dx
∣∣∣∣ ≤ ‖ψ(t)‖2 + 14
∫
R
µ2(v, θ)φ2x
v2
dx.
Now we estimate the terms
∫ t
0
∫
R
|Ji| dxdτ, i = 0, 1, 2, 3 one by one. First, using (1.1)3, we have
J0 = {· · · }x +
(
−ψφxµθ
v
+
µµθ
v2
vxφx − µµθ
v2
φxVx
) 1
(Cv − θ2κθθ v
2
x
v5
)
(
−pux + µ(v, θ)u
2
x
v
)
−
(
−ψφxµθ
v
+
µµθ
v2
vxφx − µµθ
v2
φxVx
)
x
1
(Cv − θ2κθθ v
2
x
v5
)
(
α˜(v, θ)θx
θ
+
θκθvx
v5
ux
)
+
(
ψφx
µθ
v
− µµθ
v2
vxφx +
µµθ
v2
φxVx
)[( 1
Cv − θ2κθθ v
2
x
v5
)
x
α˜θx
θ
+
(
θκθvx
(Cv − θ2κθθ v
2
x
v5
)v5
)
x
ux
]
= {· · · }x +O(1)δ
(|ψφx|+ |Vxφx|+ φ2x)(|ψx|+ |Ux|+ |ψx|2)
+O(1)δ
(|ψxφx|+ |ψφxx|+ |ψφx(φx + Vx)|+ |ψφx(ζx + Θx)|+ |φ3x|+ |φ2xVx|+ |ζxφ2x|
+|ζxφxVx|+ |Θxφ2x|+ |ΘxVxφx|+ |φxφxx|+ |Vxxφx|+ |Vxφxx|+ |φxV 2x |
)
(|θx|+ |vxux|)
+O(1)δ
(|ψφx|+ |φ2x|+ |φxVx|) (|(vxθx, v2x, vxx)|+ |(v2x, v3x, v4x, v2xvxx)|) |ux|
+O(1)δ
(|ψφx|+ |φ2x|+ |φxVx|) (|θ2xv2x|+ |θxv3x|+ |θxvxvxx|) .
Then similar to the estimate of I1, we obtain
∫ t
0
∫
R
|J0| dxdτ ≤ CN51 δ
∫ t
0
‖(φxx, φx, ψx, ζx)(τ)‖2 dτ + Cδ2
∫ t
0
∫
R
ψ2w2 dx+ CN51 δ
3
2 . (3.41)
The terms
∫ t
0
∫
R
|Ji| dxdτ, i = 1, 2, 3 can be controlled by
∫ t
0
∫
R
|J1| dxdτ ≤C
∫ t
0
∫
R
(|θxuxφx|+ |θxψψx|) dxdτ
≤
∫ t
0
∫
R
(|ζxψxφx|+ |ζxφxUx|+ |ψxφxΘx|+ |φxΘxUx|+ |ζxψψx|+ |ψψxΘx|) dxdτ
≤C
∫ t
0
{
‖φx(τ)‖ 12 ‖φxx(τ)‖ 12 sup
0≤τ≤t
‖ζx(τ)‖‖ψx(τ)‖+ δ 12 ‖(ζx, ψx, φx)(τ)‖2
+‖ψx(τ)‖ 12 ‖ψx(τ)‖ 32 ‖ζx(τ)‖
}
dτ +
∫ t
0
∫
R
µ(v, θ)Θψ2x
vθ
dxdτ
+ Cδ
∫ t
0
∫
R
ψ2w2 dxdτ + Cδ2
∫ t
0
(1 + τ)−
3
2 dτ
≤CN
3
2
1 δ
1
2
∫ t
0
‖(φx, φxx, ψx, ζx)(τ)‖2 dτ +
∫ t
0
∫
R
µ(v, θ)Θψ2x
vθ
dxdτ
+ Cδ
∫ t
0
∫
R
ψ2w2 dxdτ + Cδ2,
(3.42)
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∫ t
0
∫
R
|J2| dxdτ ≤C
∫ t
0
∫
R
(|ψφxUx|+ |ψψxVx|+ |(ζ, φ)Vxφx|+ |φxVxVt|+ |φxVxt|
+ |φxUt|) dxdτ +
∫ t
0
∫
R
∣∣∣∣µRv2 ζxφx
∣∣∣∣ dxdτ
≤1
2
∫ t
0
∫
R
Rµθ
v3
φ2x dxdτ + C(Θ,Θ)
∥∥∥∥µ(v, θ)α˜(v, θ)
∥∥∥∥
L∞T,x
∫ t
0
∫
R
α˜(v, θ)Θζ2x
vθ2
dxdτ
+
∫ t
0
∫
R
µ(v, θ)Θψ2x
vθ
dxdτ + Cδ
∫ t
0
∫
R
ψ2w2 dxdτ + Cδ,
(3.43)
and ∫ t
0
∫
R
|J3| dxdτ ≤
∫ t
0
∫
R
µ(v, θ)Θψ2x
vθ
dxdτ + Cδ
1
2
∫ t
0
‖(φx, ψx)(τ)‖2 dτ. (3.44)
where in (3.43), we have used the assumption (1.16).
For
∫ t
0
∫
R
J4 dxdτ , we have by a direct computation that
−µ
v
φxKx = {· · · }x +
(µ
v
φx
)
x
(−κvxx
v5
+
5κ− vκv
2v6
v2x −
κθvxθx
v5
)
= {· · · }x − µκ
v6
φ2xx + f(v, θ)φ
4
x +
1
3
( κ
v5
(µ
v
)
v
)
v
Vxφ
3
x +
1
3
( κ
v5
(µ
v
)
v
)
θ
θxφ
3
x
−1
6
( µ
v7
(5κ− vκv)
)
v
Vxφ
3
x −
1
6
( µ
v7
(5κ− vκv)
)
θ
(ζx + Θx)φ
3
x
+
µθ(5κ− vκv)
2v7
(ζx + Θx)φ
3
x −
(µ
v
)
v
(φx + Vx)φx
κθ(φx + Vx)(ζx + Θx)
v5
+
[(µ
v
)
v
(
3
2
φx + Vx
)
+
µθ
v
(ζx + Θx)
]
φx
5κ− vκv
2v6
(2φxVx + V
2
x )
+
µ(5κ− vκv)
2v7
(2φxVx + V
2
x )φxx −
κθµφxx(φx + Vx)(ζx + Θx)
v6
−
(µ
v
)
v
κVxφxxφx
v5
− κµθ
v6
(ζx + Θx)φxφxx −
(µ
v
)
v
(φx + Vx)φx
κVxx
v5
−κVxxµθ
v6
(ζx + Θx)φx − µθκθ
v6
(ζx + Θx)
2φx(φx + Vx)− µκ
v6
φxxVxx
= {· · · }x − µκ
v6
φ2xx +
{
1
3
( κ
v5
(µ
v
)
v
)
v
+
(µ
v
)
v
5κ− vκv
2v6
− 1
3
( µ
2v7
(5κ− vκv)
)
v
}
φ4x
+O(1)
{|Θxφ3x|+ |ζxφ3x|+ (|Θx|2 + |Vxx|)φ2x + (|Θ3x|+ |ΘxVxx|)|φx|
+(Θ2x + |Vxx|)|φxζx|+ |Θxζxφ2x|+ |Vxζ2xφx|+ (|V 2x |+ |Vxx|)|φxx|
+|φxxφxζx|+ |Θxφxφxx|+ |φxxζxVx|+ ζ2xφ2x
}
, (3.45)
and
−µκ
v6
φ2xx = −
[(√
µκ
v3
φx
)
x
]2
+
{
−2
3
(√
µκ
v3
(√
µκ
v3
)
v
)
v
+
[(√
µκ
v3
)
v
]2}
φ4x
+2
[(√
µκ
v3
)
θ
]2
θ2xφ
2
x + 2
(√
µκ
v3
)
θ
(√
µκ
v3
)
v
vxθxφ
2
x + 2
√
µκ
v3
(√
µκ
v3
)
θ
θxφxφxx
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+2
√
µκ
v3
(√
µκ
v3
)
v
Vxφxφxx +
[(√
µκ
v3
)
v
]2
(2φxVx + V
2
x )φ
2
x
−2
3
(√
µκ
v3
(√
µκ
v3
)
v
)
v
Vxφ
3
x −
2
3
(√
µκ
v3
(√
µκ
v3
)
v
)
θ
θxφ
3
x + {· · · }x. (3.46)
Substituting (3.46) into (3.45) leads to
−µ
v
φxKx = {· · · }x −
[(√
µκ
v3
φx
)
x
]2
+ f(v, θ)φ4x +O(1)
{|(|Θx|+ |ζx|)|φ3x|+ |Θx|2φ2x
+|Vxx|φ2x + (|Θ3x|+ |ΘxVxx|)|φx|+ (Θ2x + |Vxx|)|φxζx|+ |Θxζxφ2x|+ |Vxζ2xφx|
+(|V 2x |+ |Vxx|)|φxx|+ |φxxφxζx|+ |Θxφxφxx|+ |φxxζxVx|+ ζ2xφ2x
}
, (3.47)
where the function f(v, θ) is defined in (1.19).
Thus by the assumption (1.19) and some similar estimates as (3.42)-(3.44), we obtain∫ t
0
∫
R
J4 dxdτ ≤ −
∫ t
0
∫
R
[(√
µκ
v3
φx
)
x
]2
dxdτ + CN21 δ
1
4
∫ t
0
‖(φx, φxx, ζx)(τ)‖2 dτ + Cδ 14 . (3.48)
On the other hand, we can also deal with −µ
v
φxKx by
−µ
v
φxKx = {· · · }x +
(µ
v
φx
)
x
(−κvxx
v5
+
5κ− vκv
2v6
v2x −
κθvxθx
v5
)
= {· · · }x +
(µ
v
φx
)
x
(−κ
v2
(
µvx
v
· 1
µv2
)
x
+
5κ− vκv
2v6
v2x −
κθvxθx
v5
)
= {· · · }x − κ
µv4
[(µ
v
φx
)
x
]2
+
g(v, θ)
2µv6
v2x
(µ
v
φx
)
x
− κ
µv4
(µ
v
Vx
)
x
(µ
v
φx
)
x
+
{
−κµ
v3
(
1
µv2
)
θ
− κθ
v5
}
vxθx
(µ
v
φx
)
x
= {· · · }x − κ
µv4
[(µ
v
φx
)
x
]2
+
g(v, θ)
2µv6
v2x
(µ
v
φx
)
x
+O(1)
{|(vx, θx)|2|Vxφx|
+|(vx, θx)Vxφxx|+ |(vx, θx)Vxxφx|+ |Vxxφxx|+ |vxθx(vx, θx)φx|+ |vxθxφxx|} ,
where the function g(v, θ) is defined in (1.20). Thus if the condition (1.20) hold, then∫ t
0
∫
R
J4 dxdτ ≤ −
∫ t
0
∫
R
κ
µv4
[(µ
v
φx
)
x
]2
dxdτ + CN21 δ
1
4
∫ t
0
‖(φx, φxx, ζx)(τ)‖2 dτ + Cδ 14 . (3.49)
(3.38) thus follows from (3.40)-(3.44), (3.48) and Lemmas 3.1-3.2. This completes the proof of
Lemma 3.3.
As a direct consequence of Lemmas 3.1-3.3, we have
Corollary 3.1. There exist a constant C10 > 0 depending only on V , V ,Θ,Θ,m0,M0 and a constant
C11 > 0 depending only on V , V ,Θ,Θ such that if
C10N
11
1 δ
1
4 < 1, (3.50)
then it holds for all t ∈ [0, T ] that∫
R
[
RΘΦ
( v
V
)
+
ψ2
2
+
R
δ
ΘΦ
(
θ
Θ
)]
dx+
∫
R
(
κ(v, θ)v2x
v5
+
µ2(v, θ)
v2
φ2x
)
dx
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+
∫ t
0
∫
R
(
µΘψ2x
vθ
+
α˜Θζ2x
vθ2
+
µθ
v3
φ2x +
[(√
µκ
v3
φx
)
x
]2
+
κ
µv4
[(µ
v
φx
)
x
]2)
dxdτ
≤ C11
∥∥∥∥(φ0, ψ0, ζ0√δ , φ0x
)∥∥∥∥2 . (3.51)
Proof. Notice that the a priori assumption m0 ≤ v(t, x) ≤M0 and (3.15) imply that∫ t
0
∫
R
(
µ(v, θ)Θψ2x
vθ
+
α˜(v, θ)Θζ2x
vθ2
+
µ(v, θ)θ
v3
φ2x
)
dτ ≥ C12
∫ t
0
‖(φx, ψx, ζx)(τ)‖2 dτ, (3.52)
where C12 is a positive constant depending only V , V ,Θ,Θ,m0,M0. Without loss of generality, we
can assume C12 < 1.
Thus by adding (3.16), (3.37) and (3.38) together, and choosing δ > 0 sufficiently small such that
C13N
7
1 δ
1
4 ≤ C12
2
, C13 := max{2C5C7 + C9}, (3.53)
we have
A(t) ≤ C(V , V ,Θ,Θ)
∥∥∥∥(φ0, ψ0, ζ0√δ , φ0x
)∥∥∥∥2 + 2C13N71 δ 14 ∫ t
0
‖φxx(τ)‖2 dτ, (3.54)
where A(t) denote the formula on the left hand side of (3.51).
To estimate the reminder term
∫ t
0 ‖φxx(τ)‖2dτ in (3.54), we rewrite
φxx =
v6
µκ
{[(√
µκ
v3
φx
)
x
]2
−
[(√
µκ
v3
)
v
]2
v2xφ
2
x −
[(√
µκ
v3
)
θ
]2
θ2xφ
2
x
−2
(√
µκ
v3
)
v
(√
µκ
v3
)
θ
vxθxφ
2
x − 2
√
µκ
v3
(√
µκ
v3
)
v
vxφxφxx − 2
√
µκ
v3
(√
µκ
v3
)
θ
φxφxxθx
}
= O(1)
{[(√
µκ
v3
φx
)
x
]2
+ φ4x + Θ
2
xφ
2
x + ζ
2
xφ
2
x + |φ2xφxx|+ |Θxφxφxx|+ |ζxφxφxx|
}
. (3.55)
Consequently, it follows from (3.55), the Cauchy inequality and the Sobolev inequality that∫ t
0
‖φxx(τ)‖2 dτ ≤C
∫ t
0
∫
R
[(√
µκ
v3
φx
)
x
]2
dxdτ +
1
4
∫ t
0
‖φxx(τ)‖2 dτ
+ C
∫ t
0
(∥∥Θ2x(τ)∥∥L∞ ‖φx(τ)‖2 + (‖ζx(τ)‖2‖φx(τ)‖+ ‖φx(τ)‖3) ‖φxx(τ)‖) dτ
≤C
∫ t
0
∫
R
[(√
µκ
v3
φx
)
x
]2
dxdτ +
1
2
∫ t
0
‖φxx(τ)‖2 dτ + CN41
∫ t
0
‖φx(τ)‖2 dτ,
(3.56)
which implies that∫ t
0
‖φxx(τ)‖2 dτ ≤ C14
∫ t
0
∫
R
[(√
µκ
v3
φx
)
x
]2
dxdτ + C14N
4
1
∫ t
0
‖φx(τ)‖2 dτ, (3.57)
where C14 is a positive constant depending only on V , V ,Θ,Θ,m0,M0.
Inserting (3.57) into (3.54), then (3.51) holds provided that δ is sufficiently small such that
2C13C14N
11
1 δ
1
4 ≤ C12
4
. (3.58)
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Letting C10 = max{8C−112 C13C14, 2C6
(
min{2p2+, R2,Θ}
)−1}, then we finish the proof of Corollary
3.1.
Based on Corollary 3.1, we now show the uniform lower and upper bounds on v(x, t) by using Y.
Kanel’s method [21].
Lemma 3.4. Under the assumptions of Corollary 3.1, there exist a positive constant C15 depending
only on V , V ,Θ,Θ,m0,M0 and a constant C0 > 0 depending only on V , V ,Θ,Θ and ‖(φ0, ψ0, ζ0√δ , φ0x)‖
such if
C15N
11
1 δ
1
4 < 1, (3.59)
then it holds
C−10 ≤ v(t, x) ≤ C0, ∀ (t, x) ∈ [0, T ]× R. (3.60)
Proof. First, (3.51) imply that∫
R
µ21(v)
v2
φ2x dx+
∫
R
κ21(v)
v5
v2x dx ≤ C11
∥∥∥∥(φ0, ψ0, ζ0√δ , φ0x
)∥∥∥∥2 , (3.61)
where µ1(v) := minθ∈[ Θ
2
,2Θ]
{µ(v, θ)} and κ1(v) = minθ∈[ Θ
2
,2Θ]
{κ(v, θ)}.
Let v˜ =
v
V
, then under the assumption (1.17) and (1.18), there exists a positive constant
C(V , V ,Θ,Θ) such that
µ1(v) ≥ C(V , V ,Θ,Θ)µ1(v˜), κ1(v) ≥ C(V , V ,Θ,Θ)κ1(v˜). (3.62)
Consequently, it follows from (3.61) that∫
R
µ21(v˜)
v2
φ2x dx+
∫
R
κ21(v˜)
v5
v2x dx ≤ C(V , V ,Θ,Θ)
∥∥∥∥(φ0, ψ0, ζ0√δ , φ0x
)∥∥∥∥2 . (3.63)
Set
Φ(v˜(t, x)) =
∫ v˜
1
√
Φ(η)
η
µ1(η) dη, Φ(η) = η − 1− ln η, (3.64)
then by the assumption (1.17),
∣∣Φ(v˜(t, x))∣∣ ≥ {A1| ln v˜| −A2, v˜ −→ 0+,
A1v˜
1
2
−b −A2, v˜ −→ +∞,
(3.65)
where A1 > 0, A2 > 0 are positive constants. On the other hand, it holds∣∣Φ(v˜(t, x))∣∣ = ∣∣∣∣∫ x−∞Φ(v˜(t, y))y dy
∣∣∣∣
≤
∫
R
∣∣∣∣∣
√
Φ(v˜)
v˜
µ1(v˜)v˜x
∣∣∣∣∣ dx
≤ ‖
√
Φ(v˜)(t)‖
∥∥∥∥µ1(v˜)v˜xv˜ (t)
∥∥∥∥
≤ C(V , V ,Θ,Θ)
∥∥∥∥(φ0, ψ0, ζ0√δ , φ0x
)∥∥∥∥2 ,
(3.66)
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where we have used (3.51) and the fact that∥∥∥∥µ1(v˜)v˜xv˜ (t)
∥∥∥∥ = ∥∥∥∥(µ1(v˜)φxv + µ1(v˜)
(
Vx
v
− Vx
V
))
(t)
∥∥∥∥
≤
∥∥∥∥µ1(v˜)φxv (t)
∥∥∥∥+ C16(V , V ,m0,M0)δ 34
≤ C(V , V ,Θ,Θ)
∥∥∥∥(φ0, ψ0, ζ0√δ , φ0x
)∥∥∥∥
(3.67)
due to (3.63) and the smallness of δ such that C16(V , V ,m0,M0)δ
3
4 < 1.
Then (3.65) and (3.66) lead to
C17 exp
{
−C18
∥∥∥∥(φ0, ψ0, ζ0√δ , φ0x
)∥∥∥∥2
}
≤ v(t, x) ≤ C19
∥∥∥∥(φ0, ψ0, ζ0√δ , φ0x
)∥∥∥∥ 41−2b (3.68)
for all (t, x) ∈ [0, T ] × R, where C17 = C17(V ) > 0 and C18, C19 are positive constants depending
only on V , V ,Θ,Θ.
Now we suppose the condition (1.18) holds. Since
√
κ1(v˜)v˜x
v˜
5
2
=
√
κ1(v˜)vxV
3
2
v
5
2
−
√
κ1(v˜)V
1
2Vx
v
3
2
,
we have from (3.63) that∥∥∥∥∥
√
κ1(v˜)v˜x
v˜
5
2
(t)
∥∥∥∥∥ ≤ C(V , V )
∥∥∥∥∥
√
κ1(v˜)v˜x
v˜
5
2
(t)
∥∥∥∥∥+ C(V , V ,m0,M0)‖Vx(t)‖
≤ C(V , V )
∥∥∥∥∥
√
κ1(v˜)v˜x
v˜
5
2
(t)
∥∥∥∥∥+ C20(V , V ,m0,M0)δ 34
≤ C(V , V ,Θ,Θ)
∥∥∥∥(φ0, ψ0, ζ0√δ , φ0x
)∥∥∥∥ ,
(3.69)
provided that δ is sufficiently small such that C20(V , V ,m0,M0)δ
3
4 < 1.
Define
Ψ(v˜(t, x)) =
∫ v˜
1
√
Φ(η)
η
5
2
√
κ1(η) dη,
then the assumption (1.18) implies
|Ψ(v˜(t, x))| ≥
{
A3| ln v˜| −A4, v˜ −→ 0+,
A3v˜
−1− d
2 −A4, v˜ −→ +∞,
(3.70)
where A1 > 0, A2 > 0 are positive constants. On the other hand, it follows from (3.51), (3.63) and
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(3.69) that
|Ψ(v˜(t, x))| =
∣∣∣∣∫ x−∞Ψ(v˜(t, x))y dy
∣∣∣∣
≤
∫
R
∣∣∣∣∣
√
Φ(v˜)
v˜
5
2
√
κ1(v˜)v˜x
∣∣∣∣∣ dx
≤ ‖
√
Φ(v˜)(t)‖
∥∥∥∥∥
√
κ1(v˜)v˜x
v˜
5
2
(t)
∥∥∥∥∥
≤ C(V , V ,Θ,Θ)
∥∥∥∥(φ0, ψ0, ζ0√δ , φ0x
)∥∥∥∥2 .
(3.71)
(3.70) together with (3.71) implies
C21 exp
{
−C22
∥∥∥∥(φ0, ψ0, ζ0√δ , φ0x
)∥∥∥∥2
}
≤ v(t, x) ≤ C23
∥∥∥∥(φ0, ψ0, ζ0√δ , φ0x
)∥∥∥∥ −12+d , (3.72)
where C21 = C21(V ) > 0 and C22, C23 are positive constants depending only on V , V ,Θ,Θ. Letting
C1 = max
{
C17 exp
{
C18N
2
01
}
, C19N
4
1−2b
01 , C21 exp
{
C22N
2
01
}
, C23N
−1
2+d
01
}
,
where N01 := ‖(φ0, ψ0, ζ0√δ , φ0x)(t)‖, and C15 = max {C10, C16, C20}, then we can get (3.60). This
completes the proof of Lemma 3.4.
Lemmas 3.1-3.4 imply the following corollary.
Corollary 3.2. Under the assumptions of Lemma 3.4, there exists a positive constant C24 depending
only on V , V ,Θ,Θ and ‖(φ0, ψ0, ζ0√δ , φ0x)‖ such that∥∥∥∥(φ, ψ, ζ√δ , φx
)
(t)
∥∥∥∥2 + ∫ t
0
‖(φx, φxx, ψx, ζx)(τ)‖2 dτ
≤C24
∥∥∥∥(φ0, ψ0, ζ0√δ , φ0x
)∥∥∥∥2 .
(3.73)
Proof. First, it is easy to see from Corollary 3.1 and Lemma 3.4 that∥∥∥∥(φ, ψ, ζ√δ , φx
)
(t)
∥∥∥∥2 + ∫ t
0
‖(ψx, ζx)(τ)‖2 dτ
≤C25
∥∥∥∥(φ0, ψ0, ζ0√δ , φ0x
)∥∥∥∥2 ,
(3.74)
where C25 is a positive constant depending only on V , V ,Θ,Θ and ‖(φ0, ψ0, ζ0√δ , φ0x)‖.
On the other hand, it follows from (3.51), (3.74), the Cauchy inequality, the Young inequality
and the Sobolev inequality that
‖φx(t)‖2 +
∫ t
0
‖φx(τ)‖21 dτ
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≤ C26
∥∥∥∥(φ0, ψ0, ζ0√δ , φ0x)
∥∥∥∥2 + C26 ∫ t
0
∫
R
(
φ4x + |φ3xΘx|+ |φ3xζx|+ |φ2xΘ2x|
+|φ2xζ2x|+ |φ2xζxΘx|+ |φxζxφxx|+ |Θxφxφxx|
)
dxdτ
≤ C26
∥∥∥∥(φ0, ψ0, ζ0√δ , φ0x)
∥∥∥∥2 + 14
∫ t
0
‖φxx(τ)‖2 dτ + Cη
∫ t
0
(‖φx(τ)‖3‖φxx(τ)‖
+‖φx(τ)‖2‖φxx(τ)‖‖ζx(τ)‖+ ‖φx(τ)‖‖φxx(τ)‖‖ζx(τ)‖2 + ‖(φx, ζx)(τ)‖2
)
dτ.
≤ C26
∥∥∥∥(φ0, ψ0, ζ0√δ , φ0x)
∥∥∥∥2 + 12
∫ t
0
‖φxx(τ)‖2 dτ + C
∫ t
0
(
sup
τ∈[0,T ]
‖φx(τ)‖4 + 1
)
‖(φx, ζx)(τ)‖2 dτ
+C
∫ t
0
sup
τ∈[0,T ]
{‖φx(τ)‖2‖ζx(τ)‖2}‖ζx(τ)‖2 dτ
≤ C26
∥∥∥∥(φ0, ψ0, ζ0√δ , φ0x)
∥∥∥∥2 + 12
∫ t
0
‖φxx(τ)‖2dτ + C(N401 +N201N21 δ)
∫ t
0
‖(φx, ζx)(τ)‖2 dτ
≤ C26
∥∥∥∥(φ0, ψ0, ζ0√δ , φ0x)
∥∥∥∥2 + 12
∫ t
0
‖φxx(τ)‖2 dτ + CN601, (3.75)
which implies that
‖φx(t)‖2 +
∫ t
0
‖φx(τ)‖21 dτ ≤ C27N601. (3.76)
Here C26, C27 are positive constants depending only on V , V ,Θ,Θ and N01, and in the last step of
(3.75), we have used the smallness of δ such that N21 δ < 1.
Letting C24 = max{C25, C27N401}, then (3.73) follows from (3.74) and (3.76) immediately. This
completes the proof of Corollary 3.2.
The following lemma give the estimate on ‖(ψx, ζx/
√
δ)(t)‖.
Lemma 3.5. Under the assumptions of Lemma 3.4, there exists a positive constant C28 depending
only on V , V ,Θ,Θ and N01 and a positive constant C29 depending only on V , V ,Θ,Θ and N0 such
that if
C28N
4
1 δ
1
4 <
1
3
, C28N
4
1 ε <
1
3
, N22 δ
3
4 < 1, (3.77)
then it holds for all t ∈ [0, T ] that∥∥∥∥(φxx, ψx, ζx√δ
)
(t)
∥∥∥∥2 + ∫ t
0
‖(ψxx, ζxx)(τ)‖2 dτ ≤ C29N20 . (3.78)
Proof. Multiplying (3.1)2 by −ψxx and using (3.1)1, we have(
ψ2x
2
)
t
+
(
κ(v, θ)φ2xx
2v5
)
t
+
µ(v, θ)
v
ψ2xx
=
{
−
(
µ(v, θ)
v
)
v
vxψxψxx −
(
µ(v, θ)
v
)
θ
θxψxψxx −
[(
µ(v, θ)
v
− µ(V,Θ)
V
)
Ux
]
x
ψxx (3.79)
+
Rζx − p+φx
v
ψxx +
Rζ − p+φ
v2
vxψxx +R1ψxx
}
+
{
κv − 5κ
2v6
uxφ
2
xx −
(
5κ− vκv
2v6
)
v
v3xψxx
−
(
5κ− vκv
2v6
)
θ
θxv
2
xψxx −
5κ− vκv
v6
vxvxxψxx +
(
κ(v, θ)
v5
)
v
v2xθxψxx +
(
κθ(v, θ)
v5
)
θ
vxθ
2
xψxx
}
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+
κθθt
2v5
φ2xx +
{
κθ(v, θ)
v5
vxxθxψxx +
κθ(v, θ)
v5
vxθxxψxx
}
= J4 + J5 + J6 + J7.
Integrating (3.79) over [0, t]× R gives
1
2
∫
R
(
ψ2x +
κ(v, θ)φ2xx
v5
)
dx+
∫ t
0
∫
R
µ(v, θ)
v
ψ2xx dxdτ
=
1
2
∫
R
(
ψ20x +
κ(v0, θ0)φ
2
0xx
v50
)
dx+
∫ t
0
∫
R
7∑
j=4
Ji dxdτ.
(3.80)
We derive from the Cauchy inequality, the Sobolev inequality and Lemmas 2.1 and 3.4 that∣∣∣∣∫ t
0
∫
R
J4 dxdτ
∣∣∣∣ ≤ η ∫ t
0
‖ψxx(τ)‖2 dτ + Cη
∫ t
0
∫
R
(
v2xψ
2
x + θ
2
xψ
2
x + |(φx, ζx)|2U2x + |(φ, ζ)Θx|2U2x
+|(φ, ζ)Uxx|2 + ζ2x + φ2x + |(φ, ζ)|2v2x +R21
)
dxdτ
≤ η
∫ t
0
‖ψxx(τ)‖2 dτ + Cη
∫ t
0
{
‖ψx(τ)‖‖ψxx(τ)‖ sup
0≤τ≤t
‖φx(τ)‖2 + ‖(φx, ψx, ζx)(τ)‖2
+‖ψx(τ)‖‖ψxx(τ)‖ sup
0≤τ≤t
‖ζx(τ)‖2 + ‖(φ, ζ)‖2L∞(‖φx(τ))‖2 + ‖Uxx(τ)‖2)
}
dτ
+Cηδ
∫ t
0
∫
R
|(φ, ζ)|2w2 dxdτ + Cηδ 32
∫ t
0
(1 + τ)−
5
2 dτ
≤ 2η
∫ t
0
‖ψxx(τ)‖2 dτ + CηN401
∫ t
0
‖(φx, ψx, ζx)(τ)‖2 dτ
+Cηδ
∫ t
0
∫
R
|(φ, ζ)|2w2 dxdτ + CηN201δ
3
2 , (3.81)
∣∣∣∣∫ t
0
∫
R
J5 dxdτ
∣∣∣∣ ≤ C ∫ t
0
∫
R
{|ψxφ2xx|+ |Uxφ2xx|+ |v3xψxx|+ |vxvxxψxx|+ |v2xθxψxx|+ |vxθ3xψxx|} dxdτ
≤ C
∫ t
0
{
‖ψx(τ)‖ 12 ‖ψxx(τ)‖ 12 ‖φxx(τ)‖2 + ‖Ux(τ)‖L∞‖φxx(τ)‖2
}
dτ
+η
∫ t
0
‖ψxx(τ)‖2 dτ + Cη
∫ t
0
∫
R
(
φ6x + V
6
x + φ
2
xφ
2
xx + φ
2
xV
2
xx + V
2
x φ
2
xx + V
2
x V
2
xx
+ζ2xφ
4
x + ζ
2
xV
4
x + Θ
2
xφ
4
x + Θ
2
xV
4
x + ζ
4
xφ
2
x + ζ
4
xV
2
x + Θ
4
xφ
2
x + Θ
4
xV
2
x
)
dxdτ
≤ 2η
∫ t
0
‖ψxx(τ)‖2 dτ + Cη
∫ t
0
(‖(ψx, φxx)(τ)‖2 + ‖φxx(τ)‖4 + ‖φx(τ)‖4‖φxx(τ)‖2) dτ
+Cη
∫ t
0
{‖φx(τ)‖‖φxx(τ)‖3 + ‖φx(τ)‖2‖φxx(τ)‖2‖ζx(τ)‖2 + +‖φx(τ)‖3‖φxx(τ)‖
+‖ζx(τ)‖3‖ζxx(τ)‖+ ‖ζx(τ)‖2‖ζxx(τ)‖2‖φx(τ)‖2
}
dτ + Cηδ
7
2
≤ 2η
∫ t
0
‖ψxx(τ)‖2 dτ + CηN401
∫ t
0
(‖(φx, ψx, ζx, φxx)(τ)‖2 dτ
+Cη
∫ t
0
(‖φxx(τ)‖4 + ε2‖ζxx(τ)‖2) dτ + Cηδ 72 . (3.82)
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For
∫ t
0
∫
R
J6 dxdτ , notice that
|θt| =
∣∣∣∣∣ 1Cv − θ2κθθ v2xv5
∣∣∣∣∣
∣∣∣∣−pux + ( α˜(v, θ)θxθ )x + µ(v, θ)u2xv + vκθv − κθ2v6 θuxv2x + θκθvxuxxv5
∣∣∣∣
≤ Cδ(|ux|+ |θxx|+ |vxθx|+ |θ2x|+ u2x + |uxv2x|+ |vxuxx|),
thus we have∣∣∣∣∫ t
0
∫
R
J6 dxdτ
∣∣∣∣ ≤ Cδ ∫ t
0
∫
R
(|ux|+ |θxx|+ |vxθx|+ |θ2x|+ u2x + |uxv2x|+ |vxuxx|)φ2xx dxdτ
≤ Cδ
∫ t
0
∫
R
(|ψx|+ |ζxx|+ |φxζx|+ |ψxφ2x|+ |φxψxx|+ |Θxx|+ |Θ2x|+ ψ2x + ζ2x
+|φxΘx|+ |VxΘx|+ |ψxV 2x |+ |Uxφ2x|+ |φxUxx|+ |Vxψxx|)φ2xx dxdτ. (3.83)
For (3.83), we only deal with the most difficulty terms
∫ t
0
∫
R |ζxxφ2xx| dxdτ and
∫ t
0
∫
R |φxψxxφ2xx| dxdτ ,
the other terms can be estimated similarly as (3.81)-(3.82). In fact,∫ t
0
∫
R
∣∣ζxxφ2xx∣∣ dxdτ ≤ ∫ t
0
‖φxx(τ)‖ 12 ‖φxxx(τ)‖ 12 ‖ζxx(τ)‖ sup
0≤τ≤t
{‖φxx(τ)‖} dτ
≤ N1
∫ t
0
(‖φxx(τ)‖21 + ‖ζxx(τ)‖2) dτ,∫ t
0
∫
R
∣∣φxψxxφ2xx∣∣ dxdτ ≤ ∫ t
0
sup
0≤τ≤t
{‖φx(τ)‖‖φxx(τ)‖}‖ψxx(τ)‖‖φxxx(τ)‖ dτ
≤ N21
∫ t
0
‖(φxxx, ψxx)(τ)‖2 dτ.
Consequently, it holds∣∣∣∣∫ t
0
∫
R
J6 dxdτ
∣∣∣∣ ≤ CN1δ ∫ t
0
‖(ψxx, ζxx, ψx)(τ)‖2 dτ + CN41 δ
∫ t
0
‖φxx(τ)‖21 dτ. (3.84)
Similarly,∣∣∣∣∫ t
0
∫
R
J7 dxdτ
∣∣∣∣ ≤η ∫ t
0
‖ψxx(τ)‖2 dτ + Cηε
∫ t
0
∫
R
(
φ2xxζ
2
x + φ
2
xxΘ
2
x
+V 2xxζ
2
x + V
2
xxΘ
2
x + φ
2
xζ
2
xx + φ
2
xΘ
2
xx + V
2
x ζ
2
xx + V
2
x Θ
2
xx
)
dxdτ
≤η
∫ t
0
‖ψxx(τ)‖2 dτ + Cη
∫ t
0
‖(φxx, φx, ζx,
√
δζxx)(τ)‖2 dτ + Cηδ
+ Cηε
∫ t
0
{‖ζx(τ)‖‖ζxx(τ)‖‖φxx(τ)‖2 + ‖φx(τ)‖‖φxx(τ)‖‖ζxx(τ)‖2} dτ
≤η
∫ t
0
‖ψxx(τ)‖2 dτ + Cη
∫ t
0
‖(φxx, φx, ζx)(τ)‖2 dτ + Cηδ
+ Cηε
∫ t
0
‖φxx(τ)‖4 dτ + CηN21 (δ + ε)
∫ t
0
‖ζxx(τ)‖2 dτ,
(3.85)
where we have used the assumption (1.16)2.
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Combining (3.80)-(3.85) and using Corollary 3.2, the a priori assumption (3.7)-(3.8) and the
smallness of η, we obtain
‖(φxx, ψx)(t)‖2 +
∫ t
0
‖ψxx(τ)‖2 dτ
≤C‖(ψ0x, φ0xx)‖2 +N401
∫ t
0
‖(φx, ψx, ζx, φxx)(τ)‖2 dτ + C30N21 (δ + ε)
∫ t
0
‖ζxx(τ)‖2 dτ
+ C30N
4
1 δ
∫ t
0
‖φxxx(τ)‖2 dτ + C30
∫ t
0
‖φxx(τ)‖4 dτ
≤C‖(φ0, ψ0, ζ0√
δ
, φ0x, ψ0x, φ0xx)‖2 +N601 + C30N41 (δ + ε+N22 δ) + C30
∫ t
0
‖φxx(τ)‖4 dτ
≤C‖(φ0, ψ0, ζ0√
δ
, φ0x, ψ0x, φ0xx)‖2 +N601 + C28
∫ t
0
‖φxx(τ)‖4 dτ
(3.86)
for all t ∈ [0, T ], provided that
C30N
4
1 δ
1
4 <
1
3
, C30N
4
1 ε <
1
3
, N22 δ
3
4 < 1
holds, where C30 is a positive constant depending only on V , V ,Θ,Θ and N01.
Then Gronwall’s inequality implies that
‖(φxx, ψx)(t)‖2 +
∫ t
0
‖ψxx(τ)‖2 dτ ≤ C31N20 exp(C32N201), (3.87)
where C31, C32 are positive constants depending only on V , V ,Θ,Θ and N01.
Next, we give the estimate of ‖ζx(t)‖. For this, we multiply (3.1)3 by −ζxx to get
R
2δ
(ζ2x)t +
α˜(v, θ)
v
ζ2xx = J8 + J9 + J10, (3.88)
where
J8 =p(v, θ)ψxζxx + (p(v, θ)− P (V,Θ))Uxζxx −
(
α˜(v, θ)
v
)
v
vxζxζxx −
(
α˜(v, θ)
v
)
θ
θxζxζxx
−
(
α˜(v, θ)
v
− α˜(V,Θ)
V
)
x
Θxζxx −
(
α˜(v, θ)
v
− α˜(V,Θ)
V
)
Θxxζxx +
µ(V,Θ)
V
U2xζxx
+R2ζxx − µ(v, θ)
v
u2xζxx,
J9 =− Fζxx, J10 = −θ
2
κθθ
v2x
v5
θtζxx.
Integrating (3.88) over [0, t]× R gives
∥∥∥∥ ζx√δ (t)
∥∥∥∥2 + ∫ t
0
‖ζxx(τ)‖2 dτ ≤ C33
∥∥∥∥ζ0x√δ
∥∥∥∥2 + C33
∣∣∣∣∣∣
∫ t
0
∫
R
10∑
j=8
Ji dxdτ
∣∣∣∣∣∣ , (3.89)
where C33 is a positive constant depending only on V , V ,Θ,Θ and N01.
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Similar to the proof of (3.87), we have∣∣∣∣∫ t
0
∫
R
J8 dxdτ
∣∣∣∣ ≤ η ∫ t
0
‖ζxx(τ)‖2 dτ + CηN20 exp(C32N201)
(∫ t
0
‖(φx, ψxx, φxx, ψx, ζx)(τ)‖2 dτ + δ 12
)
,∣∣∣∣∫ t
0
∫
R
J9 dxdτ
∣∣∣∣ ≤ η ∫ t
0
‖ζxx(τ)‖2 dτ + CηN40 exp(4C32N201)
∫ t
0
‖(ψxx, ψx, φx)(τ)‖2 dτ + Cηδ 52 ,∣∣∣∣∫ t
0
∫
R
J10 dxdτ
∣∣∣∣ ≤ C34δ ∫ t
0
‖ζxx(τ)‖2 dτ + C34N80 exp(8C32N201)δ
(∫ t
0
‖(ψxx, ψx, φx, ζx)(τ)‖2 dτ + δ 12
)
,
where C34 is a positive constant depending only on V , V ,Θ,Θ and N01.
Putting the estimates of
∫ t
0
∫
R Ji dxdτ, i = 8, 9, 10 into (3.89), and using the smallness of η, δ such
that
C33C34δ <
1
2
, 2C33η <
1
2
,
we obtain ∥∥∥∥ ζx√δ (t)
∥∥∥∥2 + ∫ t
0
‖ζxx(τ)‖2 dτ ≤ C35N80 exp(8C32N201), ∀ t ∈ [0, T ],
where C35 is a positive constant depending only on V , V ,Θ,Θ andN01. Letting C28 = max{C30, C33C34}
and C29 = C35N
6
0 exp(8C32N
2
01), then we can get (3.78) and hence finish the proof Lemma 3.5.
Finally, we give the estimate of
∫ t
0
‖φxx(τ)‖21 dτ .
Lemma 3.6. Under the assumptions of Proposition 3.2, there exists a positive constant C36 depending
only on V , V ,Θ,Θ and N0 such that
‖φxx(t)‖2 +
∫ t
0
‖φxx(τ)‖21 dτ ≤ C36
(
1 + δ−
1
2
)
. (3.90)
Proof. Differentiating (3.1)2 with respect to x once, then multiplying the resultant equation by
φxx
v
and using (3.1)1, we have(
µ(v, θ)φ2xx
2v2
− ψxφxx
v
)
t
+
p+φ
2
xx
v2
+
κφ2xxx
v6
= J11 + J12 + J13 + J14 + {· · · }, (3.91)
where
J11 =
ψ2xx
v
− ψxψxx vx
v2
+
ψxφxx(ψx + Ux)
v2
,
J12 =
(
Rζx
v
− 2(Rζx − p+φx)vx
v2
− (Rζ − p+φ)vxx
v2
+ 2
(Rζ − p+φ)
v3
v2x
)
φxx
v
,
J13 =
µv
2v2
uxφ
2
xx +
µθθtφ
2
xx
2v2
− µ(v, θ)
v2
Vtxxφxx − µ(v, θ)
v3
φ2xx + Utx
φxx
v
−
(
µvvv
2
x + 2µθvvxθx + µθθθ
2
x + µvvxx + µθθxx
v
+
2µvvxvxt + 2µθθxvxt
v
−2µvv
2
xvt + µθθxvtvx + µvxtvx
v2
− µuxvxx
v2
+
2µuxv
2
x
v3
)
φxx
v
,
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J14 =
κVxxxφxxx
v6
+
(
(κvvx + κθθx)vxx
v5
− 5κvxvxx
v6
)
φxxx
v
+
(
vκv − 5κ
2v6
v2x +
κθvxθx
v5
)
x
φxxx
v
+
(
κvxx
v5
− 5κ− vκv
2v6
v2x +
κθvxθx
v5
) −vxφxx
v2
:=
κVxxxφxxx
v6
+ J ′14.
Similar to (3.81)-(3.85), we have∣∣∣∣∫ t
0
∫
R
J11 dxdτ
∣∣∣∣ ≤ CN20 exp(C1N201) ∫ t
0
‖(φxx, ψxx, ψx)(τ)‖2 dτ,
∣∣∣∣∫ t
0
∫
R
J12 dxdτ
∣∣∣∣ ≤ CN40 exp(2C32N201)(∫ t
0
‖(φxx, φx, ζx)(τ)‖2 dτ + δ 12
)
,
∣∣∣∣∫ t
0
∫
R
(
J13 + J
′
14
)
dxdτ
∣∣∣∣ ≤ CN60 exp(6C32N201)(∫ t
0
‖(φx, ψx, ζx)(τ)‖21 dτ + δ
1
2
)
+
1
4
∫ t
0
∫
R
(
p+φ
2
xx
v2
+
κφ2xxx
v6
)
dxdτ.
∣∣∣∣∫ t
0
∫
R
κVxxxφxxx
v6
dxdτ
∣∣∣∣ ≤ 14
∫ t
0
∫
R
κφ2xxx
v6
dxdτ + C
∫ t
0
‖Θxxx(τ)‖2 dτ
≤ 1
4
∫ t
0
∫
R
κφ2xxx
v6
dxdτ + Cδ−
1
2 .
(3.92)
Integrating (3.91) over [0, t]×R and using the estimates of Ji, i = 11, 12, 13, J ′14 and (3.92), then we
can obtain (3.90) by Corollary 3.2 and Lemma 3.5. The proof of Lemma 3.6 is completed.
Now we are in a position to prove Proposition 3.2.
Proof of Proposition 3.2. With the above lemmas in hand, we set{
Ξ1(m0,M0;V , V ,Θ,Θ, N01) := max{C15, C28},
Ξ2(V , V ,Θ,Θ, N01) := C28,
(3.93)
where C15 and C28 are positive constants given in (3.59) and (3.77), respectively. Notice that
C15 = max{C10, C16, C20},
C10 = max{8C−112 C13C14, 2C6
(
min{2p2+, R2,Θ}
)−1},
C13 = max{2C5C7 + C9},
and the constants Ci, i = 5, 6, 7, 9, 14, 16, 20 given in (or in the proof of) the previous Lemmas are
increasing functions on both m−10 and M0, while the constant C12 defined in (3.52) is decreasing on
both m0 and M
−1
0 . Consequently, the function Ξ1(m0,M0;V , V ,Θ,Θ) defined in (3.93) is increasing
on both m−10 and M0. Thus if (3.9) holds, then all the conditions on δ and ε listed in Lemmas
3.1-3.6 and Corollaries 3.1-3.2 satisfy. Letting C3 := max{C24, C29} and C4 := C36, we conclude
from Corollary 3.2 and Lemmas 3.5-3.6 that (3.4)-(3.5) hold for all (t, x) ∈ [0, T ]× R. Finally, from
(3.60) and (3.15), it easy to see that the inequalities in (3.3) holds for all (t, x) ∈ [0, T ] × R. This
completes the proof of Proposition 3.2.
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4 Proof of Theorem 1.2
This section is devoted to proving Theorem 1.2. Since the viscous contact wave (V c, U c,Θc) satisfy
(1.13), and the rarefaction waves (V r±, U r±,Θr±)(x, t) solve the Euler equations
(V r±)t − (U r±)x = 0,
(U r±)t + p(V r±,Θr±)x = 0,
R
γ − 1(Θ
r
±)t + p(V
r
±,Θ
r
±)(U
r
±)x = 0,
(4.1)
it is easy to check that the composite wave (V,U,Θ)(x, t) defined in (1.32) satisfy
Vt − Ux = 0,
Ut + px =
(
µ(V,Θ)Ux
V
)
x
+G,
R
γ − 1Θt + PUx =
(
α˜(V,Θ)Θx
V
)
x
+
µ(V,Θ)U2x
V
+H,
(4.2)
where
G = (P − P− − P+)x +
(
U ct −
(
µ(V,Θ)Ux
V
)
x
)
(4.3)
and
H =
[
(P − pm)U cx + (P − p−)(U rx)x + (P − p+)(U r+)x
]
− µU
2
x
V
+
(
α˜(V c,Θc)Θcx
V c
− α˜(V,Θ)Θx
V
)
x
(4.4)
representing the interactions and error terms coming from different wave patterns.
Let
(φ, ψ, ζ)(t, x) = (v − V, u− U, θ −Θ)(t, x),
then we have from (1.1) and (4.1) that
φx − ψt = 0,
ψt + (v
−1(Rζ − Pφ))x =
(
µ(v, θ)ux
v
− µ(V,Θ)Ux
V
)
x
+Kx −G,(
R
γ − 1 −
θ
2
κθθ(v, θ)
v2x
v5
)
ζt + p(v, θ)ux − P (V,Θ)Ux
=
(
α˜(v, θ)
v
θx − α˜(V,Θ)
V
Θx
)
x
+
µ(v, θ)u2x
v
− µ(V,Θ)U
2
x
V
+ F −H + θ
2
κθθ(v, θ)
v2x
v5
Θt
(4.5)
with the following initial and far field conditions{
(φ, ψ, ζ)(0, x) = (φ0, ψ0, ζ0)(x),
(φ, ψ, ζ)(t,±∞) = 0, (4.6)
where the nonlinear terms K,F,G and H are given by (1.3)1, (1.3)2, (4.3) and (4.4), respectively.
The local existence result of the Cauchy problem (4.4)-(4.5) is similar to Proposition 3.1. Then
in order to extend the local solution to be a global one, one needs to derive the a priori estimates as
Proposition 3.2. To do so, we first show the temporal decay estimate of the nonlinear terms (G,H).
Global stability of combination of viscous contact wave with rarefaction waves 35
Lemma 4.1. There exists a uniform constant C > 0 such that
‖(G,H)(t)‖L1 ≤ Cδ
1
8 (1 + t)−
7
8 . (4.7)
Proof. We only give the detailed proof of the estimate ‖G(t)‖L1 , the other one can be treated
similarly. For simplicity, we denote the first and second terms on the right hand side of (4.3) by G1
and G2 respectively. Then a direct calculation yields that
G1
R
=
(
Θ
V
− Θ
r−
V r−
− Θ
r
+
V r+
− Θ
c
V c
)
x
=(Θr−)x
(
V −1 − (V r−)−1
)
+ (Θr+)x
(
V −1 − (V r+)−1
)
+ Θcx
(
V −1 − (V c)−1)+ (V r−)x( Θr−(V r−)2 − ΘV 2
)
+ (V r+)x
(
Θr+
(V r+)
2
− Θ
V 2
)
+ V cx
(
Θc
(V c)2
− Θ
V 2
)
.
We deduce from (1.32) and Lemma 2.4 that∣∣(Θr−)x (V −1 − (V r−)−1)∣∣ ≤C|(Θr−)x| (|V r+ − vm+ |+ |V c − vm− |)
≤C|(Θr−)x|
(|V r+ − vm+ |+ |V c − vm− |) |Ω−
+ C|(Θr−)x|
(|V r+ − vm+ |+ |V c − vm− |) |Ω+∪Ωc
≤Cδ [(|V r+ − vm+ |+ |V c − vm− |) |Ω− + |(Θr−)x|Ω+∪Ωc]
≤Cδ2e−c1(|x|+t).
(4.8)
Similarly, it holds∣∣(Θr+)x (V −1 − (V r+)−1)∣∣+ ∣∣∣∣(V r±)x( Θr±(V r±)2 − ΘV 2
)∣∣∣∣ ≤ Cδ2e−c1(|x|+t)∣∣Θcx (V −1 − (V c)−1)∣∣+ ∣∣∣∣V cx ( Θc(V c)2 − ΘV 2
)∣∣∣∣ ≤ Cδ 32 e−c1(|x|+t).
Thus we have
|G1| ≤ Cδ 32 e−c1(|x|+t). (4.9)
For G2, we have
|G2| ≤C
(|U ct |+ |(U r−)xx|+ |(U r+)xx|+ |U cxx|)
+ C
(|(U r−)x|+ |(U r+)x|+ |U cx|) (|(V r−)x|+ |(V r+)x|+ |V cx |)
:=G12 +G
2
2.
(4.10)
Then it follows from Lemmas 2.1 and 2.4, and the inequality: min{a, b} ≤ aθb1−θ,∀ θ ∈ [0, 1] that∥∥G12∥∥L1 ≤ C (δ 18 (1 + t)− 78 + δ(1 + t)−1) . (4.11)
Similar to (4.8), we get
G˜22 = |(U r+)x||(V r−)x|+ |(U r−)x||(V r+)x|+ |U cx||(V r±)x|+ |V cx ||(U r±)x|
≤ Cδ 32 e−c1(|x|+t).
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On the other hand, by using Lemmas 2.4 and 2.1 again, we have∥∥(U r±)x(V r±)x∥∥L1 ≤ ‖(U r±)x‖L∞‖(V r±)x‖L1 ≤ Cδ(1 + t)−1,
‖U cxV cx ‖L1 ≤ Cδ2(1 + t)−
5
2 .
Consequently, ∥∥G22∥∥L1 ≤ ∥∥∥G˜22∥∥∥L1 + ∥∥(U r±)x(V r±)x∥∥L1 + ‖U cxV cx ‖L1 ≤ Cδ(1 + t)−1. (4.12)
Then the assertion for G in (4.7) follows from (4.9)-(4.12). This completes the proof of Lemma 4.1.
For the L2-estimate of (φ, ψ, ζ)(t, x), we have
Lemma 4.2. There exist a positive constant C(V , V ,Θ,Θ) and a constant C37 > 0 depending only
V , V ,Θ,Θ and m0,M0 such that∫
R
[
RΘΦ
( v
V
)
+
ψ2
2
+
R
γ − 1ΘΦ
(
θ
Θ
)]
dx+
∫
R
κ(v, θ)v2x
v5
dx
+
∫ t
0
∫
R
S0
(
(U r−)x + (U
r
+)x
)
dxdτ +
∫ t
0
∫
R
(
µ(v, θ)Θψ2x
θv
+
α˜(v, θ)Θζ2x
vθ2
)
dxdτ
≤C(V , V ,Θ,Θ)
∥∥∥∥(φ0, φ0x, ψ0, ζ0√δ
)∥∥∥∥2 + C37δ ∫ t
0
∫
R
(1 + τ)−1
(
φ2 +
ζ2
δ
)
e
− c0x2
δ(1+τ) dxdτ
+ C37
(
N61 δ
1
4
∫ t
0
‖(φx, φ0x, ψx, ζx)(τ)‖2 dτ +N51 δ
1
6
)
,
(4.13)
where S0 is positive function defined in (4.15) below.
Proof. Multiplying (4.5)1 by RΘ
(
v−1 − V −1), (4.5)2 by ψ, (4.5)3 by ζθ−1, and adding the resultant
equations together, similar to the calculations as Lemma 8 of [38], we can get[
RΘΦ
( v
V
)
+
ψ2
2
+
R
γ − 1ΘΦ
(
θ
Θ
)]
t
+Q0
(
(U r−)x + (U
r
+)x
)
+
µΘψ2x
θv
+
α˜(v, θ)Θζ2x
vθ2
=Lx +
θ
2
κθθ
v2x
θv5
θtζ + (F −H)ζ
θ
−Gψ +Kxψ +Q1 +Q2,
(4.14)
where
L =
(
µ(v, θ)ux
v
− µ(V,Θ)Ux
V
)
ψ − v−1(Rζ − Pφ)ψ +
(
α˜(v, θ)
v
θx − α˜(V,Θ)
V
Θx
)
ζ
θ
,
S0 = (γ − 1)P (V,Θ)Φ
( v
V
)
+
Pφ2
vV
− PΦ
(
Θ
θ
)
+
ζ
θ
(p− P )
= P
(
Φ
(
θV
Θv
)
+ γΦ
( v
V
))
≥ C38(V , V ,Θ,Θ,m0,M0)(φ2 + ζ2), (4.15)
S1 = −U cx
[
P (V,Θ)φ2
vV
− pmΦ
( v
V
)
+
pm
γ − 1Φ
(
Θ
θ
)
+
ζ
θ
(p− P )
]
+(γ − 1)(P − P−)(U r−)x
(
Φ
( v
V
)
− 1
γ − 1Φ
(
Θ
θ
))
+(γ − 1)(P − P+)(U r+)x
(
Φ
( v
V
)
− 1
γ − 1Φ
(
Θ
θ
))
,
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S2 = −
(
µ(v, θ)
v
− µ(V,Θ)
V
)
Uxψx +
(
µ(v, θ)(U2x + 2Uxψx)
v
− µ(V,Θ)
V
U2x
)
ζ
θ
+
ζxΘx
θ
(
− α˜(v, θ)
v
+
α˜(V,Θ)
V
)
+
Θxθxζ
θ2
(
α˜(v, θ)
v
− α˜(V,Θ)
V
)
+
α˜(v, θ)ζxζΘx
vθ2
.
A direct computation yields
|S1| ≤C(V , V ,Θ,Θ,m0,M0)
(
φ2 +
ζ2
γ − 1
)
|U cx|
+ C(V , V ,Θ,Θ){(|Θc − θm− |+ |V c − vm− |+ |V r+ − vm+ |+ |Θr+ − θr+|) |(U r−)x|
+
(|V c − vm+ |+ |V r− − vm− |+ |Θc − θm+ |+ |Θr− − θm− |) |(U r+)x|}(φ2 + ζ2).
(4.16)
The second term can be bounded in a way similar to (4.8), thus we have
|S1| ≤ C(V , V ,Θ,Θ,m0,M0)δ
(
φ2 +
ζ2
δ
)
(1 + t)−1e−
c0x
2
δ(1+t) + C(V , V ,Θ,Θ)δe−c1(|x|+t).
It follows from Lemmas 2.1 and 2.4, and the Cauchy inequality that
|S2| ≤µ(v, θ)Θψ
2
x
4θv
+
α˜(v, θ)Θζ2x
4vθ2
+ C(V , V ,Θ,Θ,m0,M0)(φ
2 + ζ2)
(
U2x + Θ
2
x
)
≤µ(v, θ)Θψ
2
x
4θv
+
α˜(v, θ)Θζ2x
4vθ2
+ C(V , V ,Θ,Θ,m0,M0)(φ
2 + ζ2)δ(1 + t)−1e−
c0x
2
δ(1+t)
+ C(V , V ,Θ,Θ,m0,M0)(φ
2 + ζ2)δ
(
(U r−)x + (U
r
+)x
)
,
where we have used the fact that
|(Θr−)x| =|θ−(v−)γ−1(1− γ)(V r−)−γ(V r−)x|
=
∣∣∣∣θ−(v−)γ−1(1− γ)(V r−)−γ (U r−)xλ−(V r−, s−)
∣∣∣∣ ≤ C|(U r−)x|.
Therefore, it holds∫ t
0
∫
R
(|S1|+ |S2|) dxdτ ≤1
4
∫ t
0
∫
R
(
µ(v, θ)Θψ2x
θv
+
α˜(v, θ)Θζ2x
vθ2
)
dxdτ
+ C39δ
∫ t
0
∫
R
(1 + τ)−1e−
c0x
2
δ(1+τ)
(
φ2 +
ζ2
δ
)
dxdτ
+ C39δ
∫ t
0
∫
R
(
(U r−)x + (U
r
+)x
) (
φ2 + ζ2
)
dxdτ,
(4.17)
where C39 is a positive constant depending only on V , V ,Θ,Θ and m0,M0.
Similar to (3.23), we have∫ t
0
∫
R
Kxψ dxdτ =−
∫
R
κ(v, θ)v2x
2v5
dx+
∫
R
κ(v0, θ0)
2v50
v20x dx+
∫ t
0
∫
R
κθθtv
2
x
2v5
dxdτ
+
∫ t
0
∫
R
{
−κ(v, θ)vxx
v5
+
5κ− vκv
2v6
v2x −
κθvxθx
v5
}
Vt dx
:=−
∫
R
κ(v, θ)v2x
2v5
dx+
∫
R
κ(v0, θ0)
2v50
v20x dx+ J1 + J2.
(4.18)
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For J2, we derive from integrations by parts, (1.13)1 and (1.1)1 that
J2 =
∫ t
0
∫
R
[
vx
(
κ(v, θ)
v5
Vt
)
x
+
(
5κ− vκv
2v6
v2x −
κθvxθx
v5
)
Vt
]
dxdτ
≤C
∫ t
0
∫
R
(φ2x + V
2
x + ζ
2
x + Θ
2
x)|Vt| dxdτ + C
∫ t
0
∫
R
|(φx + Vx)Vtx| dxdτ
≤C
∫ t
0
∫
R
(
φ2x + ζ
2
x +
∣∣(V r+)x∣∣2 + ∣∣(V r−)x∣∣2 + |(Θr+)x|2 + |(Θr−)x|2 + |Θcx|2)
× (|(U r+)x|+ |(U r−)x|+ |U cx|) dxdτ
+ C
∫ t
0
∫
R
(|φx|+ |(V r+)x|+ |(V r−)x|+ |V cx |) (|(U r+)xx|+ |(U r−)xx|+ |U cxx|) dxdτ
=J12 + J
2
2 .
(4.19)
The Cauchy inequality and Lemmas 2.1 and 2.4 imply that
J12 ≤C
∫ t
0
∫
R
(φ2x + ζ
2
x)
∥∥((U r+)x, (U r−)x, U cx)∥∥L∞ dxdτ
+ C
∫ t
0
∫
R
(|(U r±)x|2 + |Θcx|2) ∥∥((U r+)x, (U r−)x, U cx)∥∥L∞ dxdτ
≤Cδ
∫ t
0
‖(φx, ζx)(τ)‖2 dτ + Cδ.
(4.20)
Similarly,
J22 ≤ Cδ
1
4
∫ t
0
‖φx(τ)‖2 dτ + Cδ 14 . (4.21)
The term J1 can be controlled in way similar to (3.25)-(3.29) and (4.20)-(4.21), thus
J1 ≤ CN51 δ
∫ t
0
‖(φxx, ψx, ζx, φx)(τ)‖2 dτ + CN41 δ2. (4.22)
Combining (4.18)-(4.22) yields
∫ t
0
∫
R
Kxψ dxdτ ≤−
∫
R
κ(v, θ)v2x
2v5
dx+
∫
R
κ(v0, θ0)
2v50
v20x dx
+ CN51 δ
1
4
∫ t
0
‖(φxx, ψx, ζx, φx)(τ)‖2 dτ + CN41 δ
1
4 .
(4.23)
Using (4.22) and the inequality ‖ζ‖L∞T,x ≤ supt∈[0,T ] ‖ζ(t)‖1 ≤ N1
√
δ, we obtain
∣∣∣∣∫ t
0
∫
R
κθθ(v, θ)v
2
x
2v5
θtζ dxdτ
∣∣∣∣ ≤C‖ζ(t)‖L∞T,x ∫ t
0
∫
R
∣∣∣∣κθv2xθtv5
∣∣∣∣ dxdτ
≤CN61 δ
3
2
∫ t
0
‖(φxx, ψx, ζx, φx)(τ)‖2 dτ + CN51 δ
5
2 .
(4.24)
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Moreover, it follows from the Cauchy inequality, the Sobolev inequality and Lemma 4.1 that∣∣∣∣∫ t
0
∫
R
Gψ +
ζ
θ
H dxdτ
∣∣∣∣
≤1
4
∫ t
0
∫
R
(
µ(v, θ)Θ
vθ
ψ2x +
α˜(v, θ)Θζ2x
vθ2
)
dxdτ + C
∫ t
0
‖(φ, ζ)(τ)‖ 23 ‖(G,H)(τ)‖
4
3
L1
dτ
≤1
4
∫ t
0
∫
R
(
µ(v, θ)Θ
vθ
ψ2x +
α˜(v, θ)Θζ2x
vθ2
)
dxdτ + CN
2
3
1 δ
1
6 .
(4.25)
Finally, similar to (3.34), we have∣∣∣∣∫ t
0
∫
R
F
θ
ζ dxdτ
∣∣∣∣ ≤ CN31 δ 12 ∫ t
0
‖(φxx, ψx, ζx, φx)(τ)‖2 dτ + CN1δ. (4.26)
Integrating (4.14) in t and x over [0, t] × R, and using (4.17), (4.23)-(4.26), we can get (4.13). This
completes the proof Lemma 4.2.
For the remainder term
∫ t
0
∫
R(1 + τ)
−1
(
φ2 + ζ
2
δ
)
e
− c0x2
δ(1+τ) dxdτ in (4.13), similar to Lemma 3.2,
one can show that there exist two positive constants C40, C41 depending only on V , V ,Θ,Θ,m0 and
M0 such that if
C40N
2
1 δ
1
2 <
1
2
min{2P+, R2,Θ},
it holds for all t ∈ [0, T ] that∫ t
0
∫
R
(
φ2 + ψ2 +
ζ2
δ
)
w2 dxdτ ≤C41N61 δ−
3
4 + C41N
7
1 δ
− 3
4
∫ t
0
‖(φxx, ψx, ζx, φx)(τ)‖2 dτ
+ C41N
2
1 δ
∫ t
0
∫
R
(φ2 + ζ2)
(
(U r−)x + (U
r
+)x
)
dx.
Moreover, it is easy to check that some similar estimates as Lemmas 3.3-3.6 and Corollaries 3.1-
3.2 still hold for the solutions to the Cauchy problem (4.5)-(4.6). Thus we can get the desired a priori
estimates as Proposition 3.2. Then similar to the proof of Theorem 3.1, the global-in-time solutions
to problem (4.5)-(4.6) can also be obtained. Hence the proof Theorem 1.2 is completed.
5 Appendix
The proof of Lemma 3.2. The proof of (3.37) is divided into the following two parts:∫ t
0
∫
R
(Rζ + δp+φ)
2w2 dxdτ ≤C6N21 δ
3
2
∫ t
0
∫
R
(
φ2 +
ζ2
δ
)
w2 dxdτ
+ C6N
7
1 δ
1
2
∫ t
0
‖(φx, φxx, ψx, ζx)(τ)‖2 dτ + C6N61 δ,
(5.1)
and ∫ t
0
∫
R
[(Rζ − p+φ)2 + ψ2]w2 dxdτ ≤ C8N51 δ
1
4 + C8N
6
1 δ
1
4
∫ t
0
‖(φx, φxx, ψx, ζx)(τ)‖2 dτ. (5.2)
Here C6 and C8 are two positive constants depending only on V , V ,Θ,Θ,m0 and M0, and without
loss of generality, we may assume that C6 ≥ c5m−10 with c5 being a positive constant given in (5.14)
below.
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In fact, notice that
(Rζ + δp+φ)
2 + (Rζ − p+φ)2 ≥ δ
(
2p2+φ
2 +
(Rζ)2
δ
)
≥ min{2p2+, R2}δ
(
φ2 +
ζ2
δ
)
, (5.3)
then adding (5.1) onto (5.2), we can get (3.37) by the assumption (3.36).
To prove (5.3), we denote
f =
∫ x
−∞
w2 dy,
then it holds that
‖f(t)‖L∞ ≤ Cδ 12 (1 + t)− 12 , ‖ft(t)‖L∞ ≤ Cδ 12 (1 + t)− 32 . (5.4)
We rewrite (3.1)2 as
ψt +
(
Rζ − p+φ
v
)
x
=
(
µ(v, θ)ψx
v
)
x
+Kx +G, G = −Ut +
(
µ(v, θ)Ux
v
)
x
. (5.5)
Multiplying (5.5) by (Rζ − p+φ)vf and integrating the resulting equation over gives∫
R
ψt(Rζ − p+φ)vf dx+
∫
R
(
Rζ − p+φ
v
)
x
ψt(Rζ − p+φ)vf dx
=
∫
R
(
µ(v, θ)ψx
v
)
x
(Rζ − p+φ)vf dx+
∫
R
Kx(Rζ − p+φ)vf dx+
∫
R
G(Rζ − p+φ)vf dx.
Using integrating by parts, we have
1
2
∫
R
(Rζ − p+φ)2w2 dx =
∫
R
ψt(Rζ − p+φ)vf dx−
∫
R
(Rζ − p+φ)2v−1vxf dx
+
∫
R
µ(v, θ)ψxv
−1[(Rζ − p+φ)vf ]x dx
−
∫
R
Kx(Rζ − p+φ)vf dx−
∫
R
G(Rζ − p+φ)vf dx
=
(∫
R
ψ(Rζ − p+φ)vf dx
)
t
−
∫
R
ψ(Rζ − p+φ)tvf dx
−
∫
R
ψ(Rζ − p+φ)vtf dx−
∫
R
ψ(Rζ − p+φ)vft dx
−
∫
R
(Rζ − p+φ)2v−1vxf dx+
∫
R
µ(v, θ)ψxv
−1[(Rζ − p+φ)vf ]x dx
−
∫
R
Kx(Rζ − p+φ)vf dx−
∫
R
G(Rζ − p+φ)vf dx
=
(∫
R
ψ(Rζ − p+φ)vf dx
)
t
+
9∑
i=3
Ii. (5.6)
Now we estimate the terms I1, I2, · · · I9 one by one. First, the equations (3.1)1 and (3.1)2 imply(
R
γ − 1ζ + p+φ
)
t
=− Rζ − p+φ
v
(ψx + Ux) +
θ
2
κθθ(v, θ)
v2x
v5
θt +
(
α˜(v, θ)θx
v
− α˜(V,Θ)Θx
V
)
x
+
µ(v, θ)(ψx + Ux)
2
v
+ F,
(5.7)
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thus it holds
I3 =− δ
∫
R
ψ
(
R
δ
ζ + p+φ
)
t
vf dx+ γp+
∫
R
ψvfψx dx
=δ
∫
R
ψf(Rζ − p+φ)(ψx + Ux) dx− δ
∫
R
ψf
θ
2
κθθ(v, θ)
v2x
v4
θt dx
− δ
∫
R
ψvf
(
α˜(v, θ)θx
v
− α˜(V,Θ)Θx
V
)
x
dx− δ
∫
R
ψfµ(v, θ)(ψx + Ux)
2 dx
− δ
∫
R
ψvfF dx+ γp+
∫
R
vf
(
ψ2
2
)
x
dx
:=
6∑
i=1
Ii3.
(5.8)
Using (5.4)1, the Cauchy inequality, the Young inequality and the Sobolev inequality, we have
|I4|+
∣∣I13 ∣∣ ≤ Cδ 12 (1 + t)− 12 ‖ψ(t)‖ 12 ‖ψx(t)‖ 12 ‖(ψ, ζ)(t)‖‖(ψx, Ux)(t)‖
≤ CN
3
2
1 δ
1
2
(
‖ψx(t)‖2 + (1 + t)− 53
)
.
(5.9)
From the estimate of I1, we obtain
∣∣I23 ∣∣ ≤ δ ∥∥∥∥ψf θ2 κθθ(v, θ)κθ v
∥∥∥∥
L∞
∣∣∣∣∫
R
κθθtv
2
x
2v5
dx
∣∣∣∣
≤ Cδ 52 (1 + t)− 12N61 ‖(φxx, φx, ψx, ζx)(t)‖2 + CN51 δ3(1 + t)−
3
2 .
(5.10)
Similarly, it holds that
∣∣I33 ∣∣ = ∣∣∣∣−δ ∫
R
(ψvf)x
(
α˜(v, θ)ζx
v
+
(
α˜(v, θ)
v
− α˜(V,Θ)
V
)
Θx
)
dx
∣∣∣∣
≤ Cδ
∫
R
(|ψxvf |+ |ψvxf |+ |ψvfx|)(|ζx|+ |φΘx|+ |ζΘx|) dx
≤ CδN21 (‖(φx, ψx, ζx)(t)‖2 + (1 + t)−
3
2 ),
(5.11)
∣∣I43 ∣∣ ≤ Cδ‖ψ‖L∞‖f‖L∞‖(ψx, Ux)‖2 ≤ CN1δ 32 ‖ψx(t)‖2 + CN1δ4(1 + t)−2, (5.12)∣∣I53 ∣∣ = ∣∣∣∣δ ∫
R
[ψxvxv
−4fθ + ψfxvxv−4θκθ + ψfvxxv−4θκθ+
ψfvx((v
−4θκθ)vvx + (v−4θκθ)θθx)]ux dx
∣∣+ δ ∣∣∣∣∫
R
ψvf
vκθv − κθ
2v6
θuxv
2
x dx
∣∣∣∣
≤Cδ
∫
R
(|ψxvxfux|+ |ψfxvxux|+ |ψfvxxux|+ |ψfv2xux|+ |ψfvxθxux|) dx
≤Cδ [‖vx‖L∞‖f‖L∞‖(ψx, Ux)‖2 + ‖ψ‖L∞‖vx‖L∞‖w2‖‖(ψx, Ux)‖
+‖ψ‖L∞‖f‖L∞
(‖(φxx, ψx, Ux, Vxx, V 2x )‖2 + ‖(ψx, Ux)‖L∞‖φx‖2)]
≤CN21 δ
5
4 ‖(φxx, ψx, φx)(t)‖2 + CN21 δ
5
4 (1 + t)−
3
2 ,
(5.13)
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and
I63 = −γp+
∫
R
(vf)x
ψ2
2
dx
≤ γp+
2
∫
R
(|φx|+ |Vx|)|f ||ψ|2 dx− γp+
2
∫
R
vw2ψ2 dx
≤ γp+
2
c5m
−1
0 δ
∫
R
vw2ψ2 dx− γp+
2
∫
R
vw2ψ2 dx+ Cδ
1
2 ‖φx‖‖ψ‖ 32 ‖ψx‖ 12 (1 + t)− 12
≤ −γp+
4
∫
R
vw2ψ2 dx+ CN
3
2
1 δ
1
2 (‖(φx, ψx)(t)‖2 + (1 + t)−2).
(5.14)
Here in (5.14), the constant c5 > 0 depends only on θ±, and satisfies |Vxf | ≤ c5w2. Moreover, we
have used the smallness of δ such that c5m
−1
0 δ <
1
2 .
Similar to the estimates as above, we also have
|I5| ≤ C‖ψ(t)‖‖(ζ, φ)(t)‖‖ft(t)‖L∞ ≤ CN21 δ
1
2 (1 + t)−
3
2 , (5.15)
|I7| ≤ CN1δ 14 ‖(φx, ψx, ζx)(t)‖2 + CN1δ 14 (1 + t)− 32 , (5.16)
|I8| =
∣∣∣∣∫
R
K[(Rζ − p+φ)vf ]x dx
∣∣∣∣
≤ C
∫
R
(|φxx|+ |Vxx|+ |φ2x|+ |V 2x |+ |ζ2x|+ Θ2x)
× (|(φx, ζx)f |+ |(φ, ζ)(φx + Vx)f |+ |(φ, ζ)fx|) dx
≤ CN21 δ
1
4 ‖(φxx, φx, ζx)(t)‖2 + CN21 δ
1
4 (1 + t)−
3
2 ,
(5.17)
|I9| ≤
∫
R
|G||(φ, ζ)||f | dx ≤
∫
R
(|Ut|+ |Uxx|+ |vxUx|+ |θxUx|)|(φ, ζ)||f | dx
≤ CN1δ 32 (‖(φx, ζx)(t)‖2 + (1 + t)− 32 ).
(5.18)
and
|I6| ≤ C
∫
R
|(φ, ζ)|2|φx||f | dx+
∣∣∣∣∫
R
v−1(Rζ − p+φ)2Vxf dx
∣∣∣∣
≤ C‖(φ, ζ)(t)‖ 32 ‖(φx, ζx)(t)‖ 12 ‖φx(t)‖δ 12 (1 + t)− 12 + c5m−10 δ
∫
R
|Rζ − p+φ|2w2 dx
≤ CN
3
2
1 δ
1
2 ‖(φx, ζx)(t)‖2 + CN
3
2
1 δ
1
2 (1 + t)−2 +
1
4
∫
R
|Rζ − p+φ|2w2 dx
(5.19)
provided that δ is sufficiently small such that c5m
−1
0 δ <
1
4 .
Combining (5.6), (5.8)-(5.18) and integrating the resulting equation over [0, t], we can get (5.2)
by the smallness of δ.
Next, we prove (5.1). Let h = Rζ + δp+φ and using (5.7), we have
1
δ
< ht, hg
2 >H−1×H1 =
∫
R
(
R
γ − 1ζ + p+φ)thg
2 dx
= −
∫
R
Rζ − p+φ
v
ψxhg
2 dx−
∫
R
Rζ − p+φ
v
Uxhg
2 dx
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+
∫
R
θ
2
κθθ(v, θ)
v2x
v5
θthg
2 dx+
∫
R
(
α˜(v, θ)θx
v
− α˜(V,Θ)Θx
V
)
x
hg2 dx
+
∫
R
µ(v, θ)(ψx + Ux)
2
v
hg2 dx+
∫
R
Fhg2 dx
:=
15∑
i=10
Ii. (5.20)
Since |Ux| ≤ Cδw2, h = Rζ + δp+φ = O(1)δ 12 (φ+ ζ√δ ), it holds that
|I11| ≤ C
∫
R
δ
1
2
∣∣∣∣(φ, ζ√δ
)∣∣∣∣ |Ux||(ζ, φ)|‖g‖2L∞ dx ≤ Cδ 52 ∫
R
∣∣∣∣(φ, ζ√δ
)∣∣∣∣2w2 dx, (5.21)
|I12| ≤ C
∣∣∣∣∫
R
κθv
2
x
2v5
θt dx
∣∣∣∣ ‖hg2‖L∞ ≤ Cδ2N61 ∫ t
0
‖(φxx, φx, ψx, ζx)‖2 + o(1)N51 δ
5
2 (1 + t)−
3
2 , (5.22)
|I13| =
∣∣∣∣∫
R
(
α˜(v, θ)θx
v
− α˜(V,Θ)Θx
V
)(hg2
)
x
dx
∣∣∣∣
≤ C
∫
R
(|ζx|+ |(φ, ζ)Θx|)
(
|(ζx, φx)|‖g‖2L∞ + δ
1
2
∣∣∣∣(φ, ζ√δ
)
w
∣∣∣∣ ‖g‖L∞) dx
≤ Cδ 12 ‖(φx, ζx)(t)‖2 + Cδ 32
∫
R
∣∣∣∣(φ, ζ√δ
)∣∣∣∣2w2 dx,
(5.23)
|I14| ≤ C
∫
R
|(ψx, Ux)|2|hg2| dx ≤ C
∫
R
|(ψx, Ux)|2δ 12
∣∣∣∣(φ, ζ√δ
)∣∣∣∣ ‖g‖2L∞ dx
≤ CN1δ 32 ‖ψx(t)‖2 + CN1δ4(1 + t)− 32 .
(5.24)
Similar to the estimate of I53 , we obtain
|I15| ≤
∣∣∣∣∫
R
(
θκθvx
v5
(Rζ + δp+φ)g
2
)
x
ux dx
∣∣∣∣+ ∣∣∣∣∫
R
vκθv − κθ
2v6
θuxv
2
x(Rζ + δp+φ)
2g2 dx
∣∣∣∣
≤C
∫
R
(|θxvxux|+ |v2xux|+ |vxxux|)|(ζ, φ)||g2| dx
+ C
∫
R
(|vxux(ζx, φx)g2|+ |vxux(ζ, φ)ggx|) dx
≤CN21 δ
1
2 ‖(φxx, φx, ψx, ζx)(t)‖2 + CN21 δ(1 + t)−
3
2 .
(5.25)
For the estimate of I10, we compute from (5.7) that
−2I10 = 2
∫
R
v−1(h2 − γp+φh)φtg2 dx
=
∫
R
(2v−1h2g2φt − γp+v−1hg2(φ2)t) dx
=
(∫
R
v−1hg2φ(2h− γp+φ) dx
)
t
− 2
∫
R
v−1hgφ(2h− γp+φ)gt dx
+
∫
R
v−2vtg2hφ(2h− γp+φ) dx−
∫
R
v−1g2φ(4h− γp+φ)ht dx
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=
(∫
R
v−1hg2φ(2h− γp+φ) dx
)
t
− δ
2α
∫
R
v−1hgφ(2h− γp+φ)wx dx
+
∫
R
v−2uxg2φ[h(2h− γp+φ) + δ(4h− γp+φ)(Rζ − p+φ)] dx
−δ
∫
R
v−1g2φ(4h− γp+φ)θ
2
κθθ
v2x
v5
θt dx
−δ
∫
R
v−1g2φ(4h− γp+φ)
(
α˜(v, θ)θx
v
− α˜(V,Θ)Θx
V
)
x
dx
−δ
∫
R
v−1g2φ(4h− γp+φ)µ(v, θ)(ψx + Ux)
2
v
dx− δ
∫
R
v−1g2φ(4h− γp+φ)F dx
: =
(∫
R
v−1hg2φ(2h− γp+φ) dx
)
t
+
6∑
i=1
Ii10, (5.26)
By employing the Sobolev inequality, the Young inequality, the a priori assumption (3.7) and Lemma
2.1, we can control the terms Ii10, i = 1, · · · 6 as follows.∣∣I110∣∣ ≤ Cδ(1 + t)−1 ∫
R
|(φ, ζ)|3 dx ≤ Cδ(1 + t)−1‖(φ, ζ)(t)‖ 52 ‖(φx, ζx)(t)‖ 12
≤ Cδ
(
‖(φx, ζx)(t)‖2 +N
10
3
1 (1 + t)
− 4
3
)
,
(5.27)
∣∣I210∣∣ ≤ C ∫
R
δ|(Ux, ψx)|(|φ3|+ |ζ3|) dx ≤ Cδ‖(φ, ζ)(t)‖2‖(φx, ζx)(t)‖‖(Ux, ψx)(t)‖
≤ CδN21
(
‖(φx, ζx, ψx)(t)‖2 + δ 52 (1 + t)− 32
)
,
(5.28)
∣∣I310∣∣ ≤ Cδ2 ∫
R
‖(φ, ζ)(t)‖2L∞
∣∣∣∣κθv2x2v5 θt
∣∣∣∣ dx
≤ CN21 δ2(δN51 ‖(φxx, φx, ψx, ζx)(t)‖2 +N41 δ
3
2 (1 + t)−
3
2 )
≤ CN71 δ2‖(φxx, φx, ψx, ζx)(t)‖2 + CN61 δ
7
2 (1 + t)−
3
2 ,
(5.29)
∣∣I410∣∣ ≤ Cδ ∫
R
|(v−1g2φ(4h− γp+φ))x|(|ζx|+ |(φ, ζ)Θx|) dx
≤ Cδ
∫
R
(
δ|(φ, ζ)||(φx, ζx)|+ δ 12 |(φ, ζ)|2|w|
)
(|ζx|+ |(φ, ζ)Θx|) dx
≤ Cδ 32 ‖(φx, ζx)(t)‖2 + CN21 δ
3
2
∫
R
∣∣∣∣(φ, ζ√δ
)∣∣∣∣2w2 dx,
(5.30)
∣∣I510∣∣ ≤ Cδ2 ∫
R
|(φ, ζ)|2|(ψx, Ux)|2 dx ≤ CN21 δ2
(
‖(ψx)(t)‖2 + δ 52 (1 + t)− 32
)
, (5.31)
∣∣I610∣∣ ≤ ∣∣∣∣δ ∫
R
(v−1φg2(4h− γp+φ)θκθvx
v5
)xux dx
∣∣∣∣
+
∣∣∣∣δ ∫
R
(v−1φg2(4h− γp+φ))x vκθv − κθ
2v6
θuxv
2
x dx
∣∣∣∣
≤ Cδ
∫
R
(|(φ, ζ)|2g2v2x|ux|+ |φxg2||(φ, ζ)||vxux|+ |φggx(φ, ζ)vxux|
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+|φg2(φx, ζx)vxux|+ |φg2(φ, ζ)ux||(θxvx, v2x, vxx)|+ |φg2(φ, ζ)uxv2x|
)
dx
≤ CN31 δ
3
2 ‖(φxx, φx, ψx, ζx)(t)‖2 + CN21 δ
3
2
∫
R
∣∣∣∣(φ, ζ√δ
)∣∣∣∣2w2 dx+ CN21 δ 52 (1 + t)− 32 , (5.32)
where in (5.27), we have used |wx| ≤ Cδ− 12 (1 + t)−1.
Combining (5.20)-(5.32) and integrating the resultant equation over [0, t] yields
1
δ
∫ t
0
< ht, hg
2 >H−1×H1 dτ ≤CN71 δ
1
2
∫ t
0
‖(φxx, φx, ψx, ζx)(τ)‖2 dτ + CN61 δ
+ CN21 δ
3
2
∫ t
0
∫
R
∣∣∣∣(φ, ζ√δ
)∣∣∣∣2w2 dx. (5.33)
Then (5.1) follows from (5.33) and Lemma 2.2 immediately. This completes the proof of Lemma 3.2.
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